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Abstract
The topological vertex formalism for 5d N = 1 gauge theories is not only a convenient
tool to compute the instanton partition function of these theories, but it is also accompanied
by a nice algebraic structure that reveals various kinds of nice properties such as dualities
and integrability of the underlying theories. The usual refined topological vertex formalism is
derived for gauge theories with A-type quiver structure (and A-type gauge groups). In this
article, we propose a construction with a web of vertex operators for all ABCDEFG-type and
affine quivers by introducing several new vertices into the formalism, based on the reproducing
of known instanton partition functions and qq-characters for these theories.
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1 Introduction
The exact computation of partition functions on various curved spaces via localization for supersym-
metric Yang-Mills theories starting from [1] (see [2] for a nice review) provides extremely powerful
ways to examine different types of dualities derived from the superstring theory. Among them, the
Alday-Gaiotto-Tachikawa (AGT) relation [3, 4], which states that the Nekrasov partition function
of a 4d N = 2 gauge theory with gauge group SU(N) can be encoded in terms of some confor-
mal block in 2d CFT with WN symmetry, is in particular intriguing for us. It can be even uplift
to gauge theories with eight supercharges in 5d [5] and 6d [6, 7, 8], where the corresponding 2d
CFT is respectively q-deformed and elliptically deformed. Thanks to the string duality [9] between
topological string theory and 5d N = 1 gauge theory, we can reformulate the 5d version of the
AGT relation in the language of topological vertices [10, 11, 12] on the toric Calabi-Yau geometry
when we restrict our attention to 5d gauge theories constructed from (p, q) 5-brane webs introduced
in [13]. In this context, one finds [14] a beautiful algebraic structure of the (refined) topological
vertex, which is often called the Ding-Iohara-Miki (DIM) algebra [15, 16] or the quantum toroidal
algebra of gl1, and the dual q-deformed W-algebra can be obtained as a truncation of this algebra
due to the finite number of D5 branes in the system. One can also perform a fiber-base duality [17]
to the brane web to find a dual q-deformed WM -algebra associated to the gauge theory, where
M is the number of NS5 branes in the construction. This WM -algebra is nothing but the quiver
W-algebra discovered in [18].
The ADHM construction [19], which lies behind the localization calculation [20, 21, 22] on
Ω-background, can be extended to SO and Sp type gauge groups [23, 24]. We expect the AGT
relation holds for any gauge group, and indeed it has been examined for ABCDEFG-type (i.e. all
Lie algebraic) gauge groups at one instanton level in [25] in 4d that this is true. The examination
in 5d is even more difficult to perform and more non-trivial. One thus may want to rely on the
topological vertex formalism and the associated algebraic structure to check and understand the
underlying principle of this duality. The topological vertex formalism for SO and Sp type gauge
groups (with orientifold inserted in the brane web) is proposed in [26], and it has been applied to
realize the G-type gauge group via Higgsing an SO(7) gauge group [27] and various kinds of matter
contents beyond the fundamental representation [28, 29]. On the other hand, one can consider
instead the fiber-base dual setup, where we can still use A-type gauge groups but with more general
quiver structures. The advantage to consider this setup is that we have a closed-form expression
for the Nekrasov partition function at each node and the quiver structure tells us how to sew these
factors together with bifundamental contributions. Simply-laced quivers, i.e. ADE-type quivers
(including ÂDE-type ones), make perfect sense in this context and the topological vertex formalism
for D-type quivers has been considered in [30]. Quiver structure beyond ADE-classification has
not gathered much attention so far (see the discussion for B-type quivers in 3d in [31] and general
quivers in the context of little strings in [32]), but the partition function for a general quiver gauge
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theory (with A-type gauge group) can be written down based on the correspondence with quiver
W-algebras [33].
In this article, we initiate a program to complete the brane web construction for all Lie-algebraic
and affine quivers. The guiding principle is to use the DIM algebra, which is expected to be there
from the AGT relation for A-type gauge groups, to glue appropriate vertex operators together in the
preferred direction (or equivalently the D5 brane direction) of the brane web, so that the partition
function and the qq-characters, introduced by Nekrasov [34], derived from a Ward identity approach
(proposed in [35] and [36]) are correctly reproduced. The answer given in this article is more or less
“phenomenological”, and schematically let us denote the vertex operator that corresponds to the
refined topological vertex as
exp
(
∞∑
n=1
1
n
bna−nz
n
)
exp
(
∞∑
n=1
1
n
cnanz
−n
)
,
where an satisfying [an, am] = nδn+m,0 is the free boson oscillator, then new vertices we need to
introduce in this article for non-simply-laced quivers take the form
exp
(
∞∑
n=1
1
n
bndna−nz
n
)
exp
(
∞∑
n=1
1
n
cnd
−1
n anz
−n
)
,
for some appropriate factor dn, which obeys the same contraction rule with itself as the usual
refined topological vertex. We also found a similar idea to introduce such a new “twisted” vertex
applies to the construction of D-type quivers, and by establishing the Awata-Feigin-Shiraishi (AFS)
property for this new vertex, we see that this new vertex can be interpreted as a merged object of
a topological vertex and the effect of the orientifold ON−. The realization of E-type quivers in the
language of brane construction has long been a challenge (c.f. see a recent progress [37] for how to
obtain the affine E
(1)
8 quiver for 3d theories from a D6-D8 system), and it remains to be difficult
with all the new vertices introduced in the way described above. We propose a novel construction
in this article, based on the observation that topological vertices (including the newly introduced
vertices) in the web diagram correspond to the simple roots of the quiver Lie algebra. We adopt the
realization of the E8 root system with 8 unit vectors, in which there is a simple root constructed
with coefficients −1
2
,
α7 = −
1
2
e1 −
1
2
e2 −
1
2
e3 −
1
2
e4 −
1
2
e5 −
1
2
e6 −
1
2
e7 −
1
2
e8, (1.1)
and correspondingly we introduce the “square-root” vertex built from the vertex operator,
exp
(
1
2
∞∑
n=1
1
n
bna−nz
n
)
exp
(
1
2
∞∑
n=1
1
n
cnanz
−n
)
,
for the web construction of E-type quivers (including affine E-type quivers).
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This article is organized as follows: we first review the topological vertex formalism for A-
type quiver gauge theories in section 2, and the generalized topological vertex formalism to include
orientifolds forD-type quivers in section 3. We review on the (instanton) partition function obtained
in [33] in section 4 and rewrite it in a form that is more convenient for construction with a web of
vertex operators. The web construction for non-simply-laced quivers will then be given in section 5.
In sections 6, 7 and 8, we make use of the observed correspondence between web construction and
simple-root system in the quiver Lie algebra to generalize our work to E-type and affine quivers. At
the end, we conclude this article by writing down the AFS properties for the new vertices introduced
in this article as potential mathematical definitions of them in the DIM algebra.
Notations Let us list some repeatedly used notations in this article. For a partition λ = {λk ∈
Z≥0 | λk ≥ λk+1}
∞
k=1, which is also graphically represented as a Young diagram, we often want to
assign a complex parameter vi, which will be referred to as the exponentiated Coulomb moduli (or
Coulomb moduli for short) in this article, to it, and then an important characteristic set of complex
numbers defined by
Xi := {viq
di(k−1)
1 q
λk
2 }
∞
k=1, (1.2)
where q1,2 are Ω-background parameters and di is a positive integer weight number associated to
the node λ belongs to in the quiver diagram1, will frequently appear in the context of instanton
counting. Adding and removing boxes from the Young diagram play a key role in the computation
in this article, and for a box s added to the j-th column of λ, we denote λ+ s = {λk + δk,j}
∞
k=1 and
use a short-hand notation for the characteristic number set of λ + s,
Xi+s := {viq
di(k−1)
1 q
(λ+s)k
2 }
∞
k=1. (1.3)
A shift of the Coulomb moduli sometimes appears in the calculation, and we denote the character-
istic number set after a shift of vi by q as
qXi := {qviq
di(k−1)
1 q
λk
2 }
∞
k=1. (1.4)
When λ = ∅, we simply use
X ∅i := {viq
di(k−1)
1 }
∞
k=1. (1.5)
A similar notation not to be confused with Xi is the coordinate system for boxes in the Young
diagram: χs = viq
j−1
1 q
k−1
2 is the coordinate for the box s = (j, k) in λ, which is the q-deformation
of the content log v + ǫ1(j − 1) + ǫ2(k − 1) for a box (j, k) ∈ λ.
1Note that the label i here is for the node in the quiver diagram, and the setup here corresponds to having a U(1)
gauge group in the i-th node. More generally, we can have several Young diagrams, λ(1), λ(2), . . . , in one node, and
consider the characteristic sets X
(1)
i , X
(2)
i , . . . , with respect to Coulomb moduli, v
(1)
i , v
(2)
i , . . .
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An important rational function,
S(z) :=
(1− q1z)(1− q2z)
(1− z)(1− q1q2z)
. (1.6)
with the property S(z−1) = S(q−11 q
−1
2 z), appears a lot in the context of DIM algebra, as it controls
the commutation relations of the algebra. With the S-function, one can define the following Y-
function,
Yλ(z) := (1− v/z)
∏
x∈λ
S(χx/z) =
∏
x∈A(λ) 1− χx/z∏
y∈R(λ) 1− χyq
−1
3 /z
, (1.7)
where A(λ) is the set of boxes that are allowed to be added to the Young diagram λ to obtain
another Young diagram, and R(λ) is the set of boxes that can be removed from λ to form a Young
diagram, as a building block of the Nekrasov factor. Remark that these A(λ) and R(λ) are also
denoted as the outer and inner boundaries ∂±λ, e.g., in [38].
For later convenience, we also define q3 := q
−1
1 q
−1
2 =: γ
2.
For a vertex operator of the form,
V = exp
(
∞∑
n=1
1
n
bna−nz
n
)
exp
(
∞∑
n=1
1
n
cnanz
−n
)
, (1.8)
we use its m-th power V m to denote
V m := exp
(
m
∞∑
n=1
1
n
bna−nz
n
)
exp
(
m
∞∑
n=1
1
n
cnanz
−n
)
, (1.9)
which reduces to
: V V · · ·V︸ ︷︷ ︸
m
:, (1.10)
when m is a positive integer. We often consider (vertex) operators acting on the tensor product of
several vector spaces, and denote the operator V acting only on the i-th vector space interchangeably
as Vi or V
(i).
2 Review on A-type Quiver Gauge Theories
In this article, we focus on 5d N = 1 supersymmetric gauge theories with SU-type gauge groups
and g-type quiver structure. The construction of A-type quiver gauge theories is well studied in
the literature, and the (p, q) 5-brane web construction [13] from string theory is one of the most
convenient realization of this class of theories. It is dual to M-theory compactified on toric Calabi-
Yau, and the instanton partition function can be calculated as the partition function of topological
5
0 1 2 3 4 5 6 7 8 9
D5 − − − − − − • • • •
NS5 − − − − − • − • • •
7-brane − − − − − • • − − −
Table 1: Configuration of branes in the brane web construction. Bar represents the direction branes
stretch along, and dot means the point-like direction for branes. General 5-branes lie as a line in
the 5-6 plane, and the web diagram encodes all these information on the 5-6 plane.
string on the same toric Calabi-Yau. The partition function of topological string on toric Calabi-Yau
can be computed in a Feynman-diagram-like way with the topological vertex [10, 11, 12]. In this
section, we give a brief review on the AFS rewriting [14] of this topological vertex formalism, and
generalize it to a web of vertex operators encoded in the so-called Ding-Iohara-Miki (DIM) algebra
in later sections.
A gauge theory of A-type quiver is specified by a web diagram of 5-branes (see Table 1 for the
brane configuration), where a (p, q) 5-brane is drawn as a line, whose angle θ with the 5-axis is
tan θ = q/p (the convention here is that D5-brane is denoted as a (1, 0) 5-brane and NS5-brane
corresponds to a (0, 1) 5-brane). When a D5-brane intersects with a (q, 1) 5-brane and a (q + 1, 1)
5-brane at some vertex, we assign to the vertex a refined topological vertex Φ(q) or Φ∗(q), according
to the rule that if the D5-brane is stretching to the left (negative direcition of 5-axis), we assign Φ∗(q)
to the vertex, and if the D5-brane is stretching to the right (positive direcition of 5-axis), we assign
Φ(q) to it (see Figure 1). Each vertex contains two parameters, v and u, which respectively describes
the position of the D5 and (q, 1) 5-brane attached to the vertex2. The full partition function is given
by the vacuum expectation value of the product of all these vertices. For example, the partition
function of 5d N = 1 pure SU(2) gauge theory at Chern–Simons level κ = 0, whose web diagram
is shown in Figure 2, can be written down as
ZSU(2) =
0̂
Φ(0)[u, v2]
Φ(−1)[−u/v1, v1]
̂0
·
·
0̂
Φ∗(−1)[−u∗/v2, v2]
Φ∗(0)[u∗, v1]
̂0
, (2.1)
where we used a “two-dimensional” notation to represent in the horizontal direction the multipli-
cation of topological vertices in the preferred direction and other products in the vertical direction,
with the convention that 0̂ denotes the bra vacuum state and ̂0 corresponds to the ket vacuum
state.
To be more precise about the meaning of the multiplication of topological vertices and the
vacuum state, let us recall that there attaches a Fock-space degree of freedom to each leg of the
2We will in particular refer v’s as the Coulomb moduli in this article.
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(q, 1)u
(1, 0)v
(q + 1, 1)−uv
Φ(q)[u, v]
(q + 1, 1)−uv
(q, 1)u
(1, 0)v
Φ(q)∗[u, v]
Figure 1: Φ(q)[u, v] and Φ(q)∗[u, v]
Φ(0)
Φ(−1)
Φ∗(−1)
Φ∗(0)
Figure 2: The web diagram of 5d N = 1 pure SU(2) gauge theory and the assignment of topological
vertices.
topological vertex (refer to [39] and the formulation of the refined topological vertex itself given
in [12]), one can insert a complete basis of the Fock space in the preferred direction of each horizontal
internal line and project a topological vertex to a vertex operator that connects the remaining two
Fock spaces associated to the topological vertex. A convenient basis |v, λ〉 of the Fock space in the
preferred direction, where v labels the position of the corresponding D5 brane and λ is a Young
diagram label of the states in the Fock space, was found in [14] to be the Macdonald basis and can
be identified with the basis of the (1, 0)v representation of the so-called Ding-Iohara-Miki (DIM)
algebra [15, 16]. More concretely, the vertices Φ and Φ∗ are in fact respectively found in [14] to
intertwine among three representations labeled by (p, q) of the Ding-Iohara-Miki algebra3, which
are all isomorphic to Fock spaces,
Φ(p)[u, v] : (p, 1)u ⊗ (1, 0)v → (p+ 1, 1)−uv, (2.2)
Φ(p)∗[u, v] : (p+ 1, 1)−uv → (p, 1)u ⊗ (1, 0)v. (2.3)
The label of the corresponding representation to each leg matches the axio-dilaton charge in the
brane web, and in terms of the DIM algebra, it parameterizes two central charges in the algebra as
(p, q) : (ψ+0 /ψ
−
0 , γˆ) 7→ (γ
−2p, γq), (2.4)
The vertex operators acting on the Fock space in the non-preferred direction are given by
Φ(n)[u, v] |v, λ〉 =: Φ(n)λ [u, v] = tn(λ, u, v) : Φ∅(v)
∏
x∈λ
η(χx) :, (2.5)
3Note that the convention of labels (p, q) for representations of DIM is different from those in mathematical
contexts such as [14]. We chose it to match with the convention in physical contexts and the direction of the
corresponding brane in our web diagram.
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with tn(λ, u, v) = (−uv)
|λ|∏
x∈λ(γ/χx)
n+1, and
〈v, λ|Φ∗(n)[u, v] =: Φ∗(n)λ [u, v] = t
∗
n(λ, u, v) : Φ
∗
∅(v)
∏
x∈λ
ξ(χx) :, (2.6)
with t∗n(λ, u, v) = (γu)
−|λ|
∏
x∈λ(χx/γ)
n, where χx = vq
i−1
1 q
j−1
2 is the coordinate for the box x = (i, j)
in λ, and the vertex operators are written in terms of free boson oscillators an, satisfying
[an, am] = nδn+m,0, (2.7)
as
Φ∅[v] := exp
(
−
∞∑
n=1
vn
n
1
1− q−n1
a−n
)
exp
(
∞∑
n=1
1
n
v−n
1− q−n2
an
)
, (2.8)
Φ∗∅[v] := exp
(
∞∑
n=1
1
n
γnvn
1− q−n1
a−n
)
exp
(
−
∞∑
n=1
1
n
γnv−n
1− q−n2
an
)
, (2.9)
η(z) = exp
(
−
∞∑
n=1
1
n
qn1 (1− q
n
2 )z
na−n
)
exp
(
−
∞∑
n=1
1
n
(1− q−n1 )z
−nan
)
, (2.10)
ξ(z) = exp
(
∞∑
n=1
1
n
qn1 (1− q
n
2 )z
nγna−n
)
exp
(
∞∑
n=1
1
n
(1− q−n1 )z
−nγnan
)
. (2.11)
With the above explicit expression of vertices, we can insert the identity operator 1 =
∑
λ aλ |v, λ〉 〈v, λ|
in internal lines in the preferred direction and project the vertices at two ends of the internal lines
to vertex operators to reduce the calculation to the evaluation of VEVs of vertex operators. aλ here
denotes the inversion of the normalization factor of the basis in the (1, 0)v-representation of DIM,
aλ =
1
〈v, λ| v, λ〉
= Zvec(λ)(−γv)−|λ|
∏
x∈λ
χx, (2.12)
where Zvec(λ) is given by the inverse of the Nekrasov factor,
Zvec(λ) = N−1λλ (1, q1, q2), (2.13)
where
Nλν(Q = v1/v2; q1, q2) =
∏
(x,x′)∈X1×X2
(q2x
′/x; q2)∞
(q1q2x′/x; q2)∞
×
∏
(x,x′)∈X ∅1×X
∅
2
(q1q2x
′/x; q2)∞
(q2x′/x; q2)∞
=
∏
x∈λ
(1− χxq1q2/v2)
∏
y∈ν
(1− v1/χy)
∏
x∈λ,y∈ν
S(χx/χy), (2.14)
with X1 and X2 the characteristic set attached to the Young diagrams λ and ν. Note that the
Nekrasov factor is normalized to N∅∅(Q; q1, q2) = 1. We then take the vacuum expectation value of
the vertex operators obtained from projection using the contraction rules,
Φµ[u2, v2]Φλ[u1, v1] = G
−1(v1, v2)Zbfd(v1, v2;λ, µ|1)
−1 : Φµ[u2, v2]Φλ[u1, v1] :, (2.15)
Φ∗µ[u2, v2]Φ
∗
λ[u1, v1] = G
−1(v1, v2q
−1
3 )Zbfd(v1, v2q
−1
3 ;λ, µ|1)
−1 : Φ∗µ[u2, v2]Φ
∗
λ[u1, v1] :, (2.16)
8
Φµ[u2, v2]Φ
∗
λ[u1, v1] = G(v1, v2γ
−1)Zbfd(v1, v2γ
−1;λ, µ|1) : Φµ[u2, v2]Φ
∗
λ[u1, v1] :, (2.17)
Φ∗µ[u2, v2]Φλ[u1, v1] = G(v1, v2γ
−1)Zbfd(v1, v2γ
−1;λ, µ|1) : Φ∗µ[u2, v2]Φλ[u1, v1] : . (2.18)
where the prefactor G is given by the q-double gamma function as
G(v1, v2) = exp
(∑
n>0
1
n
(v1/v2)
n
(1− q−n1 )(1− q
−n
2 )
)
=
∏
n,m≥0
(
1−
v1
v2
q−n1 q
−m
2
)−1
, (2.19)
and the U(1)×U(1) bifundamental contribution is also given by the Nekrasov factor as
Zbf(v1, v2;λ, µ) = Nλµ(v1/v2, q1, q2). (2.20)
Let us complete our evaluation of the partition function of the pure SU(2) gauge theory, (2.1),
ZSU(2) =
∑
λ1,λ2
aλ1aλ2
0̂
Φ
(0)
λ2
[u, v2]
Φ
(−1)
λ1
[−u/v1, v1]
̂0
0̂
Φ
∗(−1)
λ2
[−u∗/v2, v2]
Φ
∗(0)
λ1
[u∗, v1]
̂0
= G−1(v1, v2)G
−1(v1, v2q
−1
3 )
∑
λ1,λ2
(−γv1)−|λ1|(−γv2)−|λ2|
∏
x∈λ1
χx
∏
y∈λ2
χy
Nλ1λ1(1, q1, q2)Nλ2λ2(1, q1, q2)
×
(uv22/(u
∗γ))|λ2|(u/(u∗γ))|λ1|
∏
y∈λ2
(γ/χy)
2
Nλ1λ2(v1/v2, q1, q2)Nλ1λ2(v1q3/v2, q1, q2)
= G−1(v1, v2)G
−1(v1, v2q
−1
3 )
∑
λ1,λ2
(
uv2
u∗v1
)|λ1|+|λ2| 1
Nλ1λ1(1, q1, q2)Nλ2λ2(1, q1, q2)
×
1
Nλ1λ2(v1/v2, q1, q2)Nλ1λ2(v1q3/v2, q1, q2)
. (2.21)
In the above computation, G-factors correspond to the 1-loop part of the full Nekrasov partition
function of the gauge theory, and the remaining gives the instanton corrections.
In the purpose of this article, we only focus on the information of the quiver structure of the gauge
theory, and it is thus not necessary to distinguish the Fock spaces used to construct representations
of the DIM algebra with different values of central charges. It is convenient to introduce a simplified
web diagram which only distinguishes the Fock spaces from the representation space of the DIM
algebras in the preferred direction. We represent each representation space in the preferred direction
with a horizontal line again, and all Fock spaces in non-preferred directions with vertical lines.
Several simple examples are presented in Figure 3. It is easy to see that adding vertical lines (Fock
spaces) in the simplified diagram lifts up the rank of linear quiver in the current construction,
and adding horizontal lines inside the chamber between two vertical lines raises the rank of gauge
group. Since we focus on the quiver structure of gauge theories in this article, we set all gauge
groups to be U(1) for simplicity in the remaining part of this article, but we note that it is always
9
(a) (b) (c)
Figure 3: Examples of simplified webs: (a) SU(2) gauge theory, (b) A3 quiver U(1) gauge theory,
(c) SU(2) gauge theory with four flavors.
(a)
2
(b) (c)
22 2
Figure 4: Quiver structure in simplified webs: (a) SU(2) gauge theory, (b) A3 quiver U(1) gauge
theory, (c) SU(2) gauge theory with four flavors. When the gauge group is U(1), we omit the
number in the correspondong node for the gauge group information.
straightforward to raise the rank of gauge groups by adding more D5 branes (horizontal lines) or
using the generalized vertex introduced in [40] instead of the topological vertex used here.
The qq-characters form an infinite family of physical observables (for example they are argued
in [41, 42] to be realized as Wilson lines/surfaces in 5d/6d theories), and they are deeply related
to the integrability of the underlying gauge theory. See also [43] for a realization in topological
string theory. They span the quiver W-algebra [18], where the qq-character corresponding to the
fundamental representation reduces to the generating current of the algebra, and in the Nekrasov-
Shatashvili limit gives rise to the T-operator of the corresponding quantum integrable system. We
review how to derive the qq-character, which is an important quantity to check, in the web diagram
(or simplified diagram) by using the Ward identity in DIM algebra following [36, 40] in Appendix
A. We will argue later that this prescription gives the correct expressions of the qq-characters in
the web diagram proposed in this article for ABCDEFG-type quiver.
3 D-type Quiver Construction with Orientifold
Now we go to the next simplest example, D-type quiver gauge theories. It was reported in [30] that
the topological vertex formalism can also be applied to the brane webs proposed in [44] constructed
with an ON− orientifold plane for D-type quiver theories [45, 46]. The web diagram of the simplest
10
ON−
Figure 5: The web diagram for the D2 quiver theory.
Φ[v1]
Φ[v2]
Φ∗[v1]
Φ[v2γ
−1]
|Ω, γ−1〉〉
Figure 6: The vertex assignment for the D2 quiver theory.
case, D2 ≃ A1 × A1 quiver, for example is given in Figure 5. The orientifold ON
− in the diagram
is assigned with the reflection state defined by
|Ω, α〉〉 :=
∑
λ
aλ |v, λ〉 ⊗ |vα, λ〉 , (3.1)
with the rule
|Ω, γ−1〉〉.
(3.2)
The explicit assignment of vertices is presented in Figure 6 for D2 quiver theory and can be easily
generalized to higher rank D-type quiver algebras.
We also introduce simplified webs for these constructions with orientifold as shown in Figure 7,
where the “reflection” of D5-brane is represented by a bended brane in the preferred direction.
Figure 7: Examples for simpler brane diagrams for D2, D3 and D4 quiver theories.
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Figure 8: Quiver structures in simpler brane diagrams for D2, D3 and D4 quiver theories.
From the explicit computation of the D2 quiver partition function,
ZD2 =
∑
λ2
aλ2
0̂
Φ(n1)[u, v2]
·
Φ(n1−1)[−u/v1, v1]
̂0
·
·
0̂
Φ∗(n
∗
1)[u∗, v2]
Φ(n
∗
1)[u∗v2γ/v1, v1γ
−1]
̂0
|v1γ−1, λ2〉
|v1, λ2〉
=
∑
λ1,λ2
q
|λ1|
1 q
|λ2|
2
∏
x∈λ1
χκ1x
∏
y∈λ2
χκ1y
Nλ1λ1(1; q1, q2)Nλ2λ2(1; q1, q2)
G−1(v1, v2)G(v1, v2)
×Zbfd(v1, v2;λ2, λ1|1)
−1Zbfd(v1, v2;λ2, λ1|1)
=
(∑
λ1
q
|λ1|
1
∏
x∈λ1
χκ1x
Nλ1λ1(1; q1, q2)
)(∑
λ2
q
|λ2|
2
∏
y∈λ2
χκ2y
Nλ2λ2(1; q1, q2)
)
, (3.3)
where q1 = u1u
∗
1v2γ
n1+n∗1+1/v1, κ1 = −n1 − n∗1, q2 = −
u
u∗
γn1−n
∗
1−1 and κ2 = n
∗
1 − n1, we can see the
decoupling of two D5 branes in the brane web, which explicitly realizes the A1 × A1 quiver.
The fundamental qq-character of the D2 quiver can be obtained by considering the insertion,
x−>
+ x−>
+
x+>
+ x+>
(3.4)
and after some computation, it is found to take the form4
χ¯(1,1)(z) =
(
Y1(zq
−1
3 ) +
1
Y1(z)
)(
Y2(zq
−1
3 ) +
1
Y2(z)
)
, (3.5)
from which we also see the manifestation of the decoupling of two gauge nodes. This factorization
property together with the map between qq-character and representation theory we established for
A-type quiver in Appendix A give the map between D-type qq-characters and the representation
theory of D-type Lie groups. We have to further check the prefactor of S-functions in the expression
of qq-characters for the consistency of the brane construction, and we give a non-trivial examination
for adjoint representation of D4 quiver in Appendix A.1.
4Refer to (A.11) and (A.12) for definitions of Y and χ¯.
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We further propose an alternative construction with the following newly introduced vertex5
〈v, λ| Φ¯∗(n)[u, v] =: Φ¯∗(n)λ [u, v] = tn(λ, u, v/γ) : Φ¯
∗
∅(v)
∏
x∈λ
ξ¯(χx) :, (3.6)
with
Φ¯∗∅(v) := exp
(
−
∞∑
n=1
1
n
γ−nvn
1− q−n1
a−n
)
exp
(
∞∑
n=1
1
n
γ3nv−n
1− q−n2
an
)
, (3.7)
ξ¯(z) := exp
(
−
∞∑
n=1
1
n
qn1 (1− q
n
2 )z
nγ−na−n
)
exp
(
−
∞∑
n=1
1
n
(1− q−n1 )z
−nγ3nan
)
. (3.8)
We graphically represent it as
(3.9)
It plays a similar role to the reflection state, while the proposal in [30] works only for U(1) gauge
group in the node built with the reflection state or if one wants to left up the rank of the gauge
group, one will have to use the generalized vertex introduced in [40]. On the other hand, we can
raise the rank of the gauge group in the ordinary way by simply adding more D5 branes by using
Φ¯∗(n)[u, v] instead. For example the D2 quiver gauge theory with U(1) ⊗ SU(2) gauge group can
be built as
(3.10)
Superconformal quiver theories We define the notion of superconformal gauge theories for
general quiver gauge theories (even without Lagrangian description) through the asymptotic be-
havior of qq-characters, χ~w(z) as z → ∞, 0. As it is easier to explain the criteria in the 4d limit,
let us put z = eRζ and consider the asymptotic behavior ζ ∼ ∞ in the R → 0 limit. The function
Y (z) associated to an SU(N) gauge node behaves as
Y (eRζ) ∼ ζN , ζ ∼ ∞, R→ 0. (3.11)
By requiring that all terms in the qq-characters (normalized or not) of a superconformal quiver
theory to behave as ζn around ζ ∼ ∞ for certain integer n, we can see for example from the
expression of the (unnormalized) fundamental qq-character of Ar quiver,
χˆ(1,0,0,...,0)(z) =
Y1(zq
−1
3 )
P1(z)
+
Y2(zq
−1
3 µ12)
Y1(z)
+
Y3(zq
−1
3 µ12µ23)
Y2(zµ12)
+ · · ·+
Pr(z)
Yr(zµ12 . . . µ(N−1)N )
, (3.12)
5Refer to section 9 to see that the prefactor tn(λ, u, v) is a natural and appropriate choice here.
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where the hat symbol ˆ here stands for a different normalization for the qq-character, P1(z) and
Pr(z) are respectively polynomials of z
± with degree Nf1 and Nfr, and they reduce to polynomials
of ζ of degree Nf1 and Nfr in the limit R→ 0, that the superconformal quiver theory in the current
case is solved with respect to n = 0 to
Nf1 = N1 = N2 = · · · = Nr = Nfr =
∃ N, (3.13)
which is a well-known superconformal quiver gauge theory from the β-function analysis of the
following quiver diagram,
. . .N N N N N N N
(3.14)
and for n = 1 we have another example solution,
. . .N − 1 N N + 1 N + 2 N + r − 1 N + r N + r + 1
(3.15)
When N = 1 in the above quiver diagram, this corresponds to the famous 5d version of Tr−1 theory.
We note that the corresponding brane web of a superconformal quiver gauge theory appeared so
far always has a realization with its all external legs always either in the vertical direction or in the
horizontal direction6 .
When we apply the same argument to the D2 ≃ A1 × A1 quiver, since two gauge nodes are
decoupled, the superconformal quiver theory is simply a theory with Nf = 2N matters attached to
each SU(N) gauge node. Let us depict the brane web with orientifold for N = 1 in the following.
ON−
(3.16)
Again we have all external legs either in the horizontal direction or in the vertical direction in the
above diagram. This fact allows one to speculate the direction of each leg of new vertices such as
6For example, such a web diagram can be obtained after some Hanany-Witten transition performed to the usual
web diagram for Tr−1 theory (see [47] for this kind of discussion and how to deal with the jumps in the web diagram
after Hanany-Witten transition).
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Φ˜∗ that we introduce in this article via vertex operators (3.6). For higher rank D-type quivers,
the terms that appear in the (unnormalized) fundamental qq-character associated to the following
substructure in the quiver diagram,
. . .
3
1
2
(3.17)
where we labeled three nodes by 1, 2, and 3, are given by
χˆ0,0,...,0,1(z) = · · ·+
Y1(zq
−1
3 µ31)Y2(zq
−1
3 µ32)
Y3(z)
+
Y2(zq
−1
3 µ32)
Y1(zµ31)
+
Y1(zq
−1
3 µ31)
Y2(zµ32)
+
Y3(zq
−1
3 )
Y1(zµ31)Y2(zµ32)
+ · · · .
(3.18)
Without additional matter multiplets attached to node 1 or 2, the superconformal quiver theory
condition (χˆ0,0,...,0,1 ∼ ζ0) requires
N3 = 2N1 = 2N2 = 2N. (3.19)
Some examples of superconformal quiver theories can be found as
2N 2N
N
N
(3.20)
and
N
N
2N
N
N
(3.21)
whose corresponding brane webs (for N = 1) are respectively given by
ON−
(3.22)
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and
ON−ON−
(3.23)
We will apply the same analysis to BCFG-type quivers later.
We note that we can similarly introduce the following twisted vertex as a dual to (3.6),
Φ¯(n)[u, v] |v, λ〉 =: Φ¯(n)λ [u, v] = t
∗
n(λ, u, v/γ) : Φ¯∅(v)
∏
x∈λ
η¯(χx) :, (3.24)
with
Φ¯∅(v) := exp
(
∞∑
n=1
1
n
q−n3 v
n
1− q−n1
a−n
)
exp
(
∞∑
n=1
1
n
qn3 v
−n
1− q−n2
an
)
, (3.25)
η¯(z) := exp
(
−
∞∑
n=1
1
n
qn1 (1− q
n
2 )z
nq−n3 a−n
)
exp
(
−
∞∑
n=1
1
n
(1− q−n1 )z
−nqn3 an
)
, (3.26)
which is essentially the (inverse of the) usual topological vertex with a shift of Coulombmoduli v,
to realize the substructure
. . . (3.27)
in the quiver diagram. We will denote it as
(3.28)
in the web diagram in this article.
4 Partition Function of Fractional Quivers
Now we turn to the construction of fractional quivers, focusing on quivers corresponding to non-
simply-laced Lie algebras and their affine versions, with webs of vertex operators. To do so, let us
first give a review on the instanton partition function of these theories.
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In [33], gauge theories associated to quivers of all Lie algebras of type ABCDEFG (together with
their affine and hyperbolic versions) are constructed. To write down the partition function of theory
of this class, we assign an integer di = (αi, αi) (c.f. Cartan matrix cij = (α
∨
i , αj) = (αi, αj)/(αi, αi))
to each node of the quiver.
The vector multiplet contribution from the i-th node with Coulomb modulus vi is given by
Zveci [Xi, di] = I[Vi] =
∏
(x,x′)∈X 2i
(
qdi1 q2x/x
′; q2
)
∞
(q2x/x′; q2)∞
, (4.1)
where Xi = {viq
di(k−1)
1 q
λk
2 }
∞
k=1, the vector multiplet character
Vi =
1− q−di1
1− q2
∑
(x,x′)∈Xi×Xi
x′
x
, (4.2)
and the index
I
[∑
k
xk
]
=
∏
k
(1− x−1k ). (4.3)
The bifundamental contribution associated to the link e : i → j with bifundamental mass µe is
given by
Zbfe:i→j[Xi,Xj, di, dj;µe] = I [He:i→j] =
∏
(x,x′)∈Xi×Xj
dj/dij−1∏
r=0
(
µ−1e q
−rdij
1 q2x/x
′; q2
)
∞(
µ−1e q
−rdij
1 q
di
1 q2x/x
′; q2
)
∞
, (4.4)
where dij = gcd(di, dj) is the greatest common divisor of di and dj, and
He:i→j = −µe
(1− q−di1 )(1− q
dj
1 )
(1− q
dij
1 )(1− q2)
∑
(x,x′)∈Xi×Xj
x′
x
. (4.5)
When all di = dj = dij = 1,
7 the quiver is simply-laced and the partition function reduces to that
of an ADE quiver well-known from the localization calculation [48].
In this article, we focus on the case with dj = dij, which includes two important classes of
theories: i) dj = 1 and ii) di = dj. In this specific case, the bifundamental contribution is simplified
to
Zbfe:i→j[Xi,Xj, di, dj;µe] =
∏
(x,x′)∈Xi×Xj
(µ−1e q2x/x
′; q2)∞(
µ−1e q
di
1 q2x/x
′; q2
)
∞
. (4.6)
7To be more precise, as long as we have di = d0 for some integer d0 and all
∀i, we recover the partition function
for simply-laced quivers with q1 replaced by q
d0
1 .
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For each box s = (j, k) in the (j-th row and k-th column of the) Young diagram λ(i) which
labels Xi, we assign a coordinate to it, χ
(di)
s = viq
di(j−1)
1 q
k−1
2 , where vi again is the Coulomb modulus
associated to the i-th node. We further define
Y (d)Xi (z) :=
d/di−1∏
k=0
(1− viq
kdi
1 /z)
∏
s∈λ(i)
Sd(χ
(di)
s /z), (4.7)
with
Sd(z) :=
(1− qd1z)(1 − q2z)
(1− z)(1− qd1q2z)
. (4.8)
In the special case we consider, dij = dj, note that since
Sdi(z) =
di/dj−1∏
k=0
Sdj (q
kdj
1 z), (4.9)
we have
Y (d)Xi (z) =
d/di−1∏
k=0
Yλ(i)(q
−kdi
1 z), (4.10)
where we introduce a new notation Yλ(i)(z) := Y
(di)
Xi
(z).
The recursive relation for Zbfe:i→j can be computed to
Zbfe:i→j[Xi+s,Xj , di, dj;µe]
Zbfe:i→j[Xi,Xj, di, dj;µe]
=
∏
x′∈Xj
1− µ−1e q
di
1 xs/x
′
1− µ−1e xs/x
′
= Y˜ (di)Xj (χ
(di)
s µ
−1
e q
di
1 q2), (4.11)
Zbfe:i→j[Xi,Xj+s, di, dj;µe]
Zbfe:i→j[Xi,Xj , di, dj;µe]
=
∏
x′∈Xi
1− µ−1q2x′/xs
1− µ−1qdi1 q2x
′/xs
= Y (di)Xi (χ
(dj)
s µe), (4.12)
where Y˜ (di)Xj (z) is defined as
Y˜ (di)Xj (z) :=
∏
x′∈Xj
1− z/x′
1− q−di1 z/x
′
, (4.13)
which is related to Y (di)Xj (z) through
Y˜ (di)Xj (z) =
di/dj−1∏
k=0
(−zq−k1 /vj)
Y (di)Xj (z). (4.14)
The equality for Y-functions in (4.11), (4.12), (4.14), can be derived from the recursive relations,
Y (d)Xi+s(z)
Y (d)Xi (z)
= Sd(χ
(di)
s /z) =
1− q2χ
(di)
s /z
1− qdi1 q2χ
(di)
s /z
1− qdi1 χ
(di)
s /z
1− χ(di)s /z
=
1− xs/z
1− qd1xs/z
1− qd1q
−1
2 xs/z
1− q−12 xs/z
=
1− z/xs
1− z/(qd1xs)
1− z/(qd1q
−1
2 xs)
1− z/(q−12 xs)
=
Y˜ (d)Xi+s(z)
Y˜ (d)Xi (z)
, (4.15)
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and the initial condition,
Y (d)
X ∅i
(z) =
d/di−1∏
k=0
(1− viq
kdi
1 /z) =
∏
x∈X ∅i
1− x/z
1− qd1x/z
, (4.16)
Y˜ (d)Xi (z) =
∏
x′∈X ∅i
1− z/x′
1− q−d1 z/x
′
=
d/di−1∏
k=0
(1− z/(viq
kdi
1 )). (4.17)
Solving the recursive relation in a similar way by using the expressions of Y (d)Xi (z) and Y˜
(d)
Xi
(z) in
terms of S-functions, we obtain the following alternative expression for the instanton part of Zbfe:i→j,
Zbfe:i→j[Xi,Xj , di, dj;µe]
Zbfe:i→j[v
∅
i , v
∅
j , di, dj;µe]
=
∏
x∈λ
di/dj−1∏
k=0
(1− χ(di)x q
di−kdj
1 q2µ
−1
e /vj)
∏
y∈ν
(1− viµ
−1
e /χ
(dj)
y )
×
∏
x∈λ,y∈ν
Sdi(µ
−1
e χ
(di)
x /χ
(dj)
y ), (4.18)
where Xi and Xj are respectively the characteristic sets associated to Young diagram λ and ν. The
above alternative expression will be a key rewriting formula in the construction with web of vertex
operators presented in the following section.
5 Web Construction for BCFGQuivers and Half-blood Ver-
tex
We are now ready to construct the web of vertex operators that realizes non-simply-laced quivers
of BCFG-type.
Let us define the following vertex operators,
ξ˜
(di)
j (z) := exp
(
−
∞∑
n=1
1
n
1− q
ndj
1
1− q−ndi1
(1− qn2 )z
n(γ2j /γi)
na−n
)
exp
(
∞∑
n=1
1
n
(1− q−ndi1 )z
−nγni an
)
, (5.1)
Φ˜
∗(di)
∅ [vj ] := exp
(
∞∑
n=1
1
n
(γ2j /γi)
nvnj
1− q−ndi1
a−n
)
exp
(
−
∞∑
n=1
1
n
1− q−ndi1
1− q
−ndj
1
γni v
−n
j
1− q−n2
an
)
, (5.2)
where γi := q
−di/2
1 q
−1/2
2 is the refinement parameter associated to the i-th node. We further define
a new vertex with the above two vertex operators,
Φ˜
∗(di)
Xj
[vj ] :=: Φ˜
∗(di)
∅ [vj ]
∏
s∈λ(j)
ξ˜
(di)
j (χ
(dj )
s ) :, (5.3)
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which depends on the information of two adjacent nodes, and therefore we would like to call it a
half-blood vertex. One can easily check that it satisfies the following contraction rules,
Φ˜
∗(di)
X
(2)
j
[v
(2)
j ]Φ˜
∗(di)
X
(1)
j
[v
(1)
j ] =
1
G(dj)(v(1)j , v
(2)
j γ
−2
j )
Zbfe:i→j[v
(1)∅
j , v
(2)∅
j γ
−2
j , dj, dj; 1]
Zbfe:i→j[X
(1)
j ,X
(2)
j γ
−2
j , dj, dj; 1]
: Φ˜
∗(di)
X
(2)
j
[v
(2)
j ]Φ˜
∗(di)
X
(1)
j
[v
(1)
j ] :,
(5.4)
between two “D5-branes” with Coulomb moduli v
(1)
j and v
(2)
j belonging to the same node j, where
G(dj) is the same G function with q1 replaced by q
dj
1 , i.e.
G(dj )(v1, v2) = exp
(∑
n>0
1
n
(v1/v2)
n
(1− q
−djn
1 )(1− q
−n
2 )
)
, (5.5)
and
Φ˜
∗(di)
Xj
[vj ]Φ
(di)
Xi
[vi] = G
(dj)(vi, vjγ
−1
i )
Zbfe:i→j[Xi,Xjγ
−1
i , di, dj; 1]
Zbfe:i→j[v
∅
i , v
∅
jγ
−1
j , di, dj; 1]
: Φ˜
∗(di)
Xj
[vj ]Φ
(di)
Xi
[vi] :, (5.6)
where
Φ
(di)
Xi
[vi] := Φ∅[vi]
∏
x∈λi
η(χx)
∣∣∣∣∣
q1→q
di
1
. (5.7)
The above contraction relations all reduce to the familiar ones of the usual topological vertex when
di = dj = 1. We remark that we did not include the prefactor, i.e. t
∗
n(λ, u, v) in Φ
∗[u, v], in the
above definition of half-blood vertex, as the quiver structure can be analyzed from the bifundamental
contributions in the instanton partition function. We will include and fix this prefactor later when
we discuss the AFS property of the half-blood vertex in section 9.
Let us graphically represent the half-blood vertex as
Φ˜
∗(di)
Xj
[vj] (5.8)
then, for example, the web construction for BC2 quiver is given by
Φ
(d2)
X2
d2 = 2
d1 = 1
Φ˜
∗(d2)
X1
(5.9)
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We represented the representation spaces of DIM
q
di
1 ,q2
(for di > 1) with thick lines and those of
DIMq1,q2 with normal lines. The quiver structure in the above web diagram can be read (from the
computation of the partition function) as
(5.10)
where the green node is used to represent a node corresponding to a short root. We remark again
that Φ
(d2)
X2
is nothing but the usual refined topological vertex Φλ2 simply with q1 replaced by q
d2
1 .
We can replace the vertices with generalized vertices as in [40] to increase the rank of gauge
groups in the theory, but one nice feature of the half-blood vertex is that it is defined so that gluing
several half-blood vertices together raises the rank of the gauge group: the following web diagram,
Φ
(d2)
X2
d2 = 2
d1 = 1
Φ˜
∗(d2)
X1
(5.11)
realizes the quiver,
2 1 (5.12)
By replacing d2 → 3, the quiver structure is lifted to G2.
Adding more branes on the left side, we obtain higher-rank C-type quivers,
Φ
(d1)
X1
d1 = 2
d2 = 1
Φ
∗(d1)
X2
. . .
dN = 1
(5.13)
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to which the corresponding quiver diagram can be read from the web diagram as
. . . (5.14)
and adding branes on the right side gives rise to higher-rank B-type quivers,
Φ
(d2)
X2
d2 = 2
d1 = 1
Φ
∗(d2)
X1
. . .
dN = 2
(5.15)
whose quiver structure is given by
. . . (5.16)
Extending the web in two directions leads to F4 quiver in a similar way:
Φ
(d2)
X2
d2 = 2
d1 = 1
Φ
∗(d2)
X1
d3 = 2
d4 = 1
(5.17)
22
with the quiver structure,
. . . (5.18)
Superconformal quiver theories The qq-characters in several simple examples of BCFG-type
quivers are carried out in Appendix A.2 via the Ward identity formalism. Now we use the result
presented there to analyze the condition for superconformal quiver theories with non-simply-laced
quivers. We again have the following asymptotic behavior for the Y -function associated to the i-th
gauge node,
Y (i)(eRζ) ∼ ζN , ζ ∼ ∞, R→ 0. (5.19)
By solving the superconformal conditions for χBC2(1,0) and χ
BC2
(0,1), whose expressions (without matter
contributions) can be found in (A.39) and (A.41), with the field contents of the theory labeled as
N1 N2 N
′
fNf (5.20)
we obtain the superconformal conditions,
2N1 = N2 +Nf , (5.21)
2N2 = 2N1 +N
′
f . (5.22)
These equations can be rephrased as ∑
j
cijNj = Nf,i, (5.23)
with Nf,i denoting the number of flavors attached to the i-th node. We note that this condition
essentially comes from the i-Weyl reflection relating a pair of terms in the qq-character, and thus it
does note depend on which qq-character we consider to extract out the superconformal condition.
Focus on two special solutions to the superconformal condition for BC2, one with
N ′f = 0, Nf = N1 = N2, (5.24)
and another with
Nf = 0, N2 = 2N1 = N
′
f , (5.25)
23
we see that we cannot draw a consistent web diagram with the external legs of the middle brane
in the unpreferred direction parallel to each other, which seems to contradict with the observation
we had for A-type and D-type quivers that all external legs of a superconformal quiver theory can
be put in either the preferred direction or the orthogonal direction. This suggests that there either
exists certain kind of Hanany-Witten-like transiotion we do not understand for non-simply-laced
quivers or there is a better (and more physical) construction for these quivers.
We remark, however, based on the AFS property formulated in section 9 for the half-blood vertex
(9.18), we can draw a web diagram (with directions) shown in Figure 9 for the solution (5.25), where
by neglecting the leftmost Fock space all the external branes are either in the horizontal or in the
vertical directions, as in the brane webs for A-type and D-type superconformal quiver theories.
d2 = 2d1 = 1
Figure 9: The web diagram for BC2 quiver with Nf = 0, N2 = 2N1 = N
′
f = 2.
The superconformal condition for B3 quiver, with its field contents labeled as
N1 N2 N3Nf N
′
f
(5.26)
can be read from the expression of the qq-character
2N1 = Nf +N2, (5.27)
2N2 = 2N1 +N3, (5.28)
2N3 = N2 +N
′
f , (5.29)
which is again equivalent to ∑
j
cijNj = Nf,i. (5.30)
We again have the solution
Nf = 0, N2 = N3 = N
′
f = 2N1, (5.31)
24
for which we can draw a similar diagram as Figure 9 with all external thick lines either in the
horizontal or in the vertical directions. This class of solutions can always be found for general
B-type quivers.
The superconformal condition for G2, whose field contents are again labeled by
N1 N2 N
′
fNf (5.32)
is given by
2N1 = N2 +Nf , (5.33)
2N2 = 3N1 +N
′
f . (5.34)
We again have two special solutions,
N ′f = 0, N1 = 2Nf , N2 = 3Nf , (5.35)
and
Nf = 0, N2 = 2N1 = 2N
′
f , (5.36)
indicating different directions of the middle brane (in the unpreferred direction) of these two super-
conformal quiver theories.
6 E-type Quivers and “Square-root” Vertices
E-type quivers are more tricky to deal with at the level of the brane web. In the case of quivers
corresponding to classical Lie algebras, one can see an implicit relation between the web diagram
and the set of simple roots. It is most clear for A-type quivers: for the An quiver, we have n + 1
Fock spaces in unpreferred directions to express n gauge nodes, and each gauge node is sandwiched
by two topological vertices, Φ and Φ∗. This resembles the construction of n simple roots with n+1
independent unit vectors ei,
αi = ei − ei+1, s.t. αi · αi = 2, αi · αi+1 = −1. (6.1)
In the case of Dn quiver, n− 1 of n simple roots are expressed in the same way, i.e. αi = ei − ei+1
for i = 1, . . . n− 1, while the last simple root is given by the sum of two unit vectors,
αn = en + en+1. (6.2)
The different form of the last simple root αn exactly corresponds to the realization of a gauge
node by gluing two topological vertices of type Φ with a reflection state, or one Φ-vertex and one
Φ¯∗-vertex, which essentially behaves like a Φ-vertex.
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This correspondence can be found also in BC-type quivers, but in a more complicated (and
subtle) way. In the case of C-type quiver, as the positive-mode part of the half-blood vertex
Φ˜
∗(di)
Xj
[vj ] can be factorized into di/dj vertex operators, which appear in the topological vertex
defined in DIM
q
dj
1 ,q2
,
exp
(
∞∑
n=1
1
n
(1− q−ndi1 )z
−nγni an
)
=
di/dj−1∏
k=0
exp
(
∞∑
n=1
1
n
q
−nkdj
1 (1− q
−ndj
1 )z
−nγni an
)
, (6.3)
exp
(
−
∞∑
n=1
1
n
1− q−ndi1
1− q
−ndj
1
γni v
−n
j
1− q−n2
an
)
=
di/dj−1∏
k=0
exp
(
−
∞∑
n=1
1
n
q
−nkdj
1
γni v
−n
j
1− q−n2
an
)
, (6.4)
a simple root of a different form, αn = di/djen, will be induced in the root system
8. We note
that we need to neglect the rightmost Fock space in the web construction using half-blood vertices
described in the previous section to establish the correspondence with simple roots in the above
discussion, and this neglect can only be done to B-type quivers. For B-type quivers, the half-blood
vertex can only be viewed as one single topological vertex defined in DIMqdi ,q2, and thus we have a
simple root of the form, α1 = −e1 (be neglecting the leftmost Fock space in the web construction
given in the previous section). We note that this neglect indeed agrees with the discussion on the
web diagram of superconformal quiver theories shown in Figure 9.
We now turn to the construction of E8 quiver from an analogy to the realization of its simple
roots and obtain the whole E-series by removing some D5 branes from the web diagram. One
beautiful realization of the simple-root system in 8 unit vectors is given by
α1 = e1 − e2, α2 = e2 − e3, α3 = e3 − e4, (6.5)
α4 = e4 − e5, α5 = e5 − e6, α6 = e6 + e7, (6.6)
α7 = −
1
2
e1 −
1
2
e2 −
1
2
e3 −
1
2
e4 −
1
2
e5 −
1
2
e6 −
1
2
e7 −
1
2
e8, α8 = e6 − e7, (6.7)
where the label of the simple roots can be read from the following Dynkin diagram,
8
543 6 721
The web construction can be found as
8We in fact absorbed di/dj − 1 vertex operators into the usual topological vertex Φ of the node with d = di here.
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where the long line (connecting 8 vertices)
is a short representation of the following computation,
∑
λ aλ
|v, λ〉
〈v, λ|
|v, λ〉
〈v, λ|
|v, λ〉
〈v, λ|
|v, λ〉
〈v, λ|
(6.8)
and we introduced two types of new vertices as the “square-root” of Φ¯ and Φ∗:
Φ¯[1/2][v], (6.9)
Φ¯[1/2][v] |v, λ〉 = Φ¯
1
2
∅ [v]
∏
x∈λ
η¯
1
2 (χx), (6.10)
Φ∗[
1
2
][v], (6.11)
〈v, λ|Φ∗[
1
2
][v] = Φ
∗ 1
2
∅ [v]
∏
x∈λ
ξ
1
2 (χx). (6.12)
We notice again that we omitted the prefactor that corresponds to tn(λ, u, v) in Φ[u, v] in the
expression of new vertices here. As Φ¯ vertex behaves in a similar way to Φ∗ as a vertex operator
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in the unpreferred direction, the construction of the 7-th node, i.e. the long line, indeed resembles
the expression of the simple root α7.
With the long line standing for the 7-th node in the quiver diagram, the quiver structure can
be read from the web diagram (by computing the instanton partition function) as
(6.13)
For example, it is easy to see that the D5 brane corresponding to the first node and the long line
completely decouple from each other (factors from the contraction in the left-most Fock space and
those from the second left Fock space cancel with each other as in the computation for D2 quiver,
refer to (3.3)). We first remark that at the 7-th node simply piling up the long lines as
(6.14)
raises the rank of the gauge group of the 7-th node, and therefore one is allowed to raise or lower
the rank of gauge group at each node freely. The partition function obtained from this construction
is consistent with that written down in terms of the E8 (q-)Cartan matrix [18]. Another remark
is that the summation computation given in (6.8) can be achieved by combining several pieces of
trivalent vertices, whose definitions and graphical representations are given by∑
λ aλ |v, λ〉 ⊗ 〈v, λ| ⊗ 〈v, λ| ,
(6.15)
∑
λ aλ |v, λ〉 ⊗ |v, λ〉 ⊗ 〈v, λ| .
(6.16)
These trivalent vertices are natural generalizations of the identity operator 1 =
∑
λ aλ |v, λ〉 〈v, λ|
and the reflection state |Ω, α〉〉 =
∑
λ aλ |v, λ〉 ⊗ |vα, λ〉, and they are the basic building blocks for
such generalizations with more legs. We give the prescription to deal with these trivalent vertices in
Appendix D when deriving the qq-characters via the Ward identity approach. We leave the concrete
computation of qq-characters of E-type quivers to future works.
7 DE-type Quiver Construction with Trivalent Vertex
As we have already introduced the trivalent vertex
∑
λ aλ |v, λ〉⊗〈v, λ|⊗〈v, λ| in the previous section
to realize E-type quiver gauge theories, it can in fact be used to realize an alternative (brute-force)
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way for D and E-type quivers. An S-dual version of this realization has already been proposed
in [49] to perform instanton counting for D and E-type gauge groups. The brane web diagram of
D4 quiver gauge theory, for example, built with this trivalent vertex is given by
(7.1)
and one can read off the information of the quiver from the diagram as
(7.2)
We remark on a disadvantage of this construction: to raise the rank of the gauge group in the
central node makes the web diagram extremely complicated. Even in the unrefined limit, where Φ∗
is simplified to Φ−1, the web diagram for an SU(2) gauge group in the problem node looks like
(7.3)
and it is more complex and almost not tractable in the refined case. We can bypass this problem by
introducing generalized trivalent vertices as how generalized topological vertices are defined in [40].
Essentially it was also the generalized trivalent vertex associated with the SU(2) gauge group that
helped in [49] build the D, E-type quiver gauge theories with SU(2) gauge groups, which can be
S-dualized to (A1 quiver) gauge theories with D, E-type gauge groups. In the current context, this
brute-force construction does not seem to be very interesting to us.
8 Affine Quivers
There is almost no difficulty to proceed to affine quivers (including the twisted ones), with all the
new vertices we introduced in this article. For example, the untwisted affine D-type quivers, D
(1)
n
has already appeared as an example of superconformal quiver theories before. The untwisted affine
E-type quivers, E
(1)
6,7,8, are the only tricky ones to construct. Let us describe in this section how
to build E
(1)
6 , E
(1)
7 and E
(1)
8 quivers in the language of web diagram by only using the topological
vertices introduced in this article and their “square-roots”.
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The Dynkin diagram for E
(1)
7 reads
8
432 5 61 7
(8.1)
The construction for the E
(1)
7 quiver, which is actually simpler, is given by
(8.2)
where the horizontal line (corresponding to the 7-th node) at the bottom only intersects with the
Fock space on the most left and that on the most right. The quiver structure is again contained in
the web diagram as
(8.3)
Note that the effective Coulomb modulus of the 7-th node is shifted by γ in this construction. The
realization of the 7-th node is designed so that piling up the same structure raises the rank of the
gauge group there. This will be true for all constructions presented in this section.
The Dynkin diagram for E
(1)
8 is given by
9
321 4 5 6 7 8
(8.4)
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and can be constructed as
(8.5)
We note that the top line only intersects the second left Fock space and the most right one, and two
bottom lines, as in the case of E
(1)
7 , intersect only with the Fock spaces at the most left and right.
The quiver structure, which is more non-trivial compared to previous examples in this article, in
this web diagram, is given as
(8.6)
The effective Coulomb moduli of both the 6-th node and the 7-th node are shifted by γ. We remark
that there is no space left in this approach to add more gauge nodes to the quiver diagram of E
(1)
8 .
The Dynkin diagram for E
(1)
6 reads
6
7
321 4 5
(8.7)
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We can realize it with the following web diagram
(8.8)
where we further introduced the “square-root” of Φ and Φ¯∗ as
Φ[1/2][v], (8.9)
Φ[1/2][v] |v, λ〉 = Φ
1
2
∅ [v]
∏
x∈λ
η
1
2 (χx), (8.10)
Φ¯∗[
1
2
][v], (8.11)
〈v, λ| Φ¯∗[
1
2
][v] = Φ¯
∗ 1
2
∅ [v]
∏
x∈λ
ξ¯
1
2 (χx). (8.12)
The quiver structure can be read from the web diagram as
(8.13)
Superconformal quiver theories of E-type It is not difficult to find solutions to superconfor-
mal E-type quivers via the condition ∑
j
cijNj = Nf,i. (8.14)
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For example we have superconformal theories associated with the E6 quiver given by
2
1
321 2 1
(8.15)
and
2
432 3 2 11
(8.16)
These examples in principle can respectively be realized in terms of a brane web from the web
construction of E
(1)
6 and E
(1)
7 quivers, by moving one NS5 brane of the extra gauge node(s) to the
infinity, i.e. ungauging extra nodes. However, in the construction of affine E-type described above,
we cannot move, for instance, any NS5 brane attached to the 7-th node without ungauging the
5-th node in E
(1)
6 (refer to the Dynkin diagram for the label of nodes). We remark that the fact we
cannot add fundamental matter multiplets into our construction might be related to that we start
from the expression of simple roots in E8. It may help if we start from the following quiver,
8
9
432 5 61 7
(8.17)
but we leave this kind of exploration to a future work.
9 AFS Property of New Vertices
In this section, we explore potential (more mathematical) definitions for those new topological
vertices we introduced in this article to realize quivers beyond A-type. Let us first recall how the
usual refined topological vertex can be formulated in the algebraic language, i.e. as an intertwiner
mapping two representations into one in the DIM algebra. We will refer to this formulation as
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Awata-Feigin-Shiraishi (AFS) property of the topological vertex, and we intend to mimic it for all
the other vertices. The AFS properties for Φ and Φ∗ read
(ρ(1,n)u ⊗ ρ
(0,1)
~v )∆(g(z))Φ
∗(n)
~λ
[u,~v] = Φ
∗(n)
~λ
[u,~v]ρ
(1,n+1)
u′ (g(z)), (9.1)
Φ
(n)
~λ
[u,~v](ρ
(0,1)
~v ⊗ ρ
(1,n)
u )∆(g(z)) = ρ
(1,n+1)
u′ (g(z))Φ
(n)
~λ
[u,~v], (9.2)
where g = x±, ψ±. The coproduct structure is given by
∆(x+(z)) = x+(z)⊗ 1 + ψ−(γˆ1/2(1) z)⊗ x
+(γˆ(1)z),
∆(x−(z)) = x−(γˆ(2)z)⊗ ψ
+(γˆ
1/2
(2) z) + 1⊗ x
−(z),
∆(ψ+(z)) = ψ+(γˆ
1/2
(2) z)⊗ ψ
+(γˆ
−1/2
(1) z),
∆(ψ−(z)) = ψ−(γˆ
−1/2
(2) z)⊗ ψ
−(γˆ
1/2
(1) z),
(9.3)
where γˆ(1) = γˆ ⊗ 1 and γˆ(2) = 1⊗ γˆ. Diagrammatically, the AFS property can be represented as
x+(z) ψ−(z)
x+(z)
x+(z)
(9.4)
x−(γz)
ψ+(γ1/2z) x−(z)
x−(z)
(9.5)
x+(z) ψ−(γ1/2z)
x+(γz)
x+(z)
(9.6)
x−(z)
ψ+(z) x−(z)
x−(z)
(9.7)
We remark that what essentially happens when we confirm the validness of the AFS property is
that operators acting from both sides of the topological vertex in the unpreferred direction give
the same result, but these functions are respectively expanded around z ∼ 0 and z ∼ ∞, so their
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difference will be given by the summation of a δ-function times a residue over all the other poles of
the function.
f(z)|z∼∞ − f(z)|z∼0 =
∑
a: pole
δ(x/a) Res
x′→a
x′−1f(x′). (9.8)
Let us start from Φ¯∗ vertex. For simplicity, we focus on the explicit calculation of acting x+(z)
in the unpreferred direction. We have
η(z)Φ¯∗λ[u, v] =
1
1− v/(zγ)
∏
x∈λ
S(χx/(zγ))
−1 : η(z)Φ¯∗λ[u, v] :
=
1
Yλ(zγ)
: η(z)Φ¯∗λ[u, v] :, (9.9)
Φ¯∗λ[u, v]η(z) =
1
1− zγ/v
∏
x∈λ
S(χx/(zγ))
−1 : η(z)Φ¯∗λ[u, v] :
= −
v
zγ
1
Yλ(zγ)
: η(z)Φ¯∗λ[u, v] :, (9.10)
and thus by formulating Φ¯∗ as a map9,
Φ¯(p)∗[u, v] : (p, 1)u → (p+ 1, 1)−uv ⊗ (1, 0)v, (9.11)
we find the AFS property for it given by
x+(z)
q3x
+(z)
−x−(zγ)
: η(z)ξ¯−1(zγ) :
(9.12)
We note that
: η(z)ξ¯−1(zγ) : = exp
(
−
∞∑
n=1
1
n
(1− q−n1 )z
−n(1− qn3 )an
)
, (9.13)
only has positive modes (as ψ+(z)). It is natural that Φ¯∗ reflects x+ in the unpreferred direction to
x− in the preferred direction, which is also expected from the construction with a reflection state.
9The axio-dilaton charge (or the center of DIM) is not preserved under this map due to the effective existence of
an orientifold plane.
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Similarly, we can write down the AFS property for the Φ¯ vertex as
q3x
+(z)
ψ−(zq3)
x+(z)
x−(zq3)
γˆp
(9.14)
by thinking of Φ¯ as a map,
Φ¯(p)[u, v] : (p + 1, 1)−uv ⊗ (1, 0)v → (p, 1)u. (9.15)
For the half-blood vertex Φ˜
∗(di)
j (with gcd(di, dj) = dj),
(9.16)
we can write down a similar relation,
:
∏di/dj−1
k=0 x
+(zq
−kdj
1 γ
2
j /γ
2
i ) :
∑di/dj−1
l=0 x
+(zq
−ldj
1 γi)
: ϕ˜
−(di)
j (zq
−ldj
1 γ
1/2
i )
∏di/dj−1
k=0
k 6=l
x+(zq
−kdj
1 γ
2
j /γ
2
i ) :
x+(z)
(9.17)
by considering Φ˜
∗(di)
j as a map,
Φ˜
(p)∗(di)
j [u, vj] : (di/dj · (p+ 1), 1)
(di)
u′ → (p, 1)
(di)
u ⊗ (1, 0)
(dj)
vj
, (9.18)
where p might be fractional, (p, q)(di) is a (p, q) representation of the algebra DIM
q
di
1 ,q2
, and
u′ = (−uvj)
di/djq
−
(3p+1)
2
(di/dj−1)di
1 , (9.19)
ϕ˜
−(di)
j (z) := : η
(di)(zγ
−1/2
i )ξ˜j(zγ
1/2
i ) :, (9.20)
ψ˜
−(di)
j (z) 7→ γ
p
i ϕ˜
−(di)
j (z) under the representation (p, 1)
(di). (9.21)
The prefactor t˜
(p)∗(di)
j (u, vj) in the full expression of the half-blood topological vertex
Φ˜
∗(di)
Xj
[vj ] = t˜
(p)∗(di)
j (u, vj) : Φ˜
∗(di)
∅ [vj]
∏
s∈λ(j)
ξ˜
(di)
j (χ
(dj )
s ) :, (9.22)
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is found to take the form
t˜
(p)∗(di)
j (u, vj) = (uγj)
−|λ|
∏
x∈λ(j)
(χxγ
2
j /γ
3
i )
p, (9.23)
to satisfy the AFS property proposed here. We note that the AFS property of Φ˜
∗(di)
j certainly
reduces to that of Φ∗ defined in DIM
q
dj
1 ,q2
when we take di = dj.
The AFS property for a “square-root” vertex can be worked out in the same spirit. Let us first
consider the vertex Φ[1/2][u, v], which can be formulated as a map,
Φ[1/2](p)[u, v] : (p, 1)u ⊗ (1, 0)v → (p+
1
2
, 1)
u(−v)
1
2
. (9.24)
Then the AFS property can be found as
η
3
2 (z)
x+(z)Y
3
2 (z) ψ−(z)
: x+(z)x+(z) :
: x+(z)x+(z) :
(9.25)
where the prefactor t[
1
2
](p)(u, v) in
Φ
[1/2](p)
λ [u, v] = t
[ 1
2
]
p (u, v)Φ
1
2
∅ [v]
∏
x∈λ
η
1
2 (χx), (9.26)
is fixed to
t
[ 1
2
]
p (λ, u, v) =
(
−u2v
)|λ|∏
x∈λ
(γ/χx)
2n+1, (9.27)
and the operator Y(z) is a diagonal operator in the basis |v, λ〉 defined in (A.5). The vertex Φ∗[
1
2
]
can be thought of as a map,
Φ∗[
1
2
](p)[u, v] : (p+
1
2
, 1)
u(−v)
1
2
→ (p, 1)u ⊗ (1, 0)v, (9.28)
and the AFS property for it is given by
: x+(z)x+(z) :
: x+(z)x+(z) :
Y(zγ−1)−
3
2x+(γz)
: η
3
2 (z)
(
ψ−(γ
1
2z)
) 1
2
:
(9.29)
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with the prefactor t
∗[ 1
2
]
p [u, v],
t
∗[ 1
2
]
p [u, v] = (γu
2)−|λ|
∏
x∈λ
(χx/γ)
2p. (9.30)
The AFS properties formulated here for the square-root vertices are obviously not as elegant as the
other vertices and it seems that the DIM algebra is not designed for them.
We can write down the AFS property in parallel for
Φ¯∗[
1
2
](p)[u, v] : (p, 1)u ⊗ (1, 0)v → (p+
1
2
, 1)
u(−v)
1
2 γ−1
, (9.31)
and
Φ¯[
1
2
](p)[u, v] : (p+
1
2
, 1)
u(−v)
1
2 γ−
3
2
→ (p, 1)u ⊗ (1, 0)v, (9.32)
are respectively given by
: x+(z)x+(z) :
: x+(z)x+(z) :
−Y
3
2 (zγ)x−(zγ)
η
3
2 (z)
: η
1
2 (z)ξ¯−
1
2 (zγ) :
(9.33)
and
: x+(z)x+(z) :
ψ−(zq3)
: x+(z)x+(z) :
η
3
2 (z)
x−(zq3)Y(zq3)
− 3
2
(9.34)
with the prefactors respectively fixed as
t¯
∗[ 1
2
]
p [u, v] = t
[ 1
2
]
p (λ, u, v/q3), (9.35)
and
t¯
[ 1
2
]
p (λ, u, v) = t
∗[ 1
2
]
p [u/q3, v]. (9.36)
We will list the AFS properties for some vertices associated to acting x−(’s) in the unpreferred
direction in Appendix E.
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10 Conclusion and Discussion
In this article, we propose a web construction of all ABCDEFG-type and affine quiver gauge
theories. It is based on a web of vertex operators defined in different Fock spaces glued together
by the (p, q) = (1, 0) representations of the DIM algebra in the preferred direction. Unlike the
construction for A-type and D-type quivers, which is nothing but the topological vertex formalism
on the (p, q)-brane web (further with orientifolds for D-type cases), we do not have a clear physical
meaning for that for non-simply-laced quivers and E-type ones. The results presented in this article
might be a very preliminary form of the final answer, and our aim here is to reproduce the instanton
partition functions of these quiver gauge theories on a full Ω-background from the web construction.
We always put a (p, q) = (1, 0) representation space of the DIM algebra in the preferred direction
due to that we can utilize its nice property to reproduce the expressions of qq-characters via the
Ward identity approach in the web diagram. In the unpreferred direction, in addition to the vertex
operators corresponding to the well-known refined topological vertices, we introduced several new
vertices, which can be divided into two classes. The first class contains vertices obtained by twisting
of the usual topological vertices. They have the same contraction rule with themselves as the usual
topological vertex before twisting, but can give an abundant structure when contracted with other
vertices. The second class, roughly speaking, is obtained by taking fractional power of the first
classes, and the “square-root” vertices seem to play a role in the construction of E-type quivers and
their affine extensions.
As the topological vertex formalism can be extended to 6d N = (1, 0) gauge theories on C2q1,q2×
T 2 [50, 51], we can define the corresponding 6d versions of our new vertices to formulate 6d non-
simply-laced quiver gauge theories. However, we do not know yet the relation with the classification
of 6d N = (1, 0) theories via the geometric picture of the F-theory [52].
The fiber-base duality is always a topic that cannot be avoided when we consider quivers struc-
ture or gauge groups beyond the A-type Lie algebra. We have proposed the AFS properties for
new vertices introduced in this article, which can be used in principle to construct a fiber-base dual
version of them to analyze the duality in full details. However, our AFS properties are formulated
inside the DIM algebra, both in the preferred and unpreferred directions. From our experience to
generalize the topological vertex formalism to 6d and to 5d theories on C2/Zn×S1 [53, 54, 55], the
underlying algebra seems to get modified whenever we go to a different theory (and is determined
by the Nekrasov factor). This suggests that a potential modification of our construction might be
necessary in the future study.
An additional guide line that has not been considered in this article for our construction is the
integrability of the underlying gauge theories. The correspondence between gauge theories in the
Nekrasov-Shatashivili (NS) limit and quantum integrable spin chain was first proposed in [56, 57, 38],
and it was also worked out for non-simply-laced quivers in [58]. In the full Ω-background, there
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is a universal R-matrix associated to the DIM algebra [59], which is a q-deformed version [60] of
the celebrated Maulik-Okounkov’s R-amtrix [61] found through a geometric approach to 4d N = 2
gauge theories. The relation between these two integrable models are unclear at the moment, but
it is natural to expect the quantum integrablity of non-simply laced quivers in the NS limit to be
uplifted to an integrability described by an R-matrix embedded in some quantum algebra. Note
that such an algebraic structure of the topological vertex formalism for A-type quivers can be very
powerful to prove statements such as the fiber-base duality in a rigorous way [62].
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Appendix
A qq-character derived from Ward identity
The qq-character is an operator-valued quantity introduced by Nekrasov [34] as a quantized object
which accounts for the integrability structure of the gauge theory with eight supercharges.
It only depends on the quiver structure of the gauge theory, and its formula (for 5d theories) is
given by (a 5d version of Nekrasov’s integral formula in [34])
χ~w(z; ~ν) =
∑
~a
∏
i∈Vert(Γ′)
1
ai!
(
qi(1− q
−1
3 )
2πi(1− q1)(1− q2)
)ai wi∏
j=1
Yi(zq
−1
3 νi,j)
∮
Cw,ν,a
Υw,ν,a(z), (A.1)
where
Υw,ν,a(z) =
∏
e∈Edge(Γ′)
Υew,ν,a(z)
∏
i∈Vert(Γ′)
Υiw,ν,a(z), (A.2)
Υew,ν,a(z) =
at(e)∏
k=1
Ys(e)(zq
−1
3 µ
−1
e φ
(t(e))
k )
as(e)∏
l=1
Yt(e)(zµeφ
(s(e))
l )S(φ
(t(e))
k /φ
(s(e))
l µe), (A.3)
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Υiw,ν,a(z) =
ai∏
k=1
dφ
(i)
k Pi(zφ
(i)
k )
φ
(i)
k Yi(zq
−1
3 φ
(i)
k )Yi(zφ
(i)
k )
∏
l 6=k
S(φ
(i)
l /φ
(i)
k )
−1
wi∏
j=1
S(νi,j/φ
(i)
k ), (A.4)
and the integral contour picks up the poles in 1
1−z
factors of S(z)’s. zi,j := zνi,j are independent
parameters in the qq-character. ~w is the highest weight of the representation of the quiver Lie
algebra that characterizes the qq-character. Pi(z) in the above formula is some fractional function
which contains the information of matter contents and Chern-Simons levels of the gauge theory.
The information of the gauge group is encoded in the expression of Yi, in the case of U(1) gauge
theory,
〈vi, λ| Yi(z) |vi, λ〉 = Yλ(z), (A.5)
and for SU(N), it is given by N products of U(1) Y-functions. In the (1, 0) representation (used
in the preferred direction of the web diagram) of the DIM algebra, one can formulate Yi(z) as a
diagonal operator in the basis |vi, λ〉.
The qq-charcter can be derived from the web diagram following the prescription:
• First we consider an insertion of operators in DIM algebra in the preferred direction, whose
action on Φ gives the residue of the highest weight term in the qq-character.
• Using the Ward identity10 (i.e. the action of the operator considered in the first step stays
the same either we consider it on Φ or Φ∗) to convert the residue obtained from the previous
step to the residue of some other term in the qq-character.
• Consider new insertions of operators in the web diagram with which all the poles of the form
χx of the new term obtained from the second step are covered so that we can rewrite the sum
of these residues of this new term into a contour integral around the pole at zi,j, the origin
and the infinity.
• Repeat from the second step to pick up all poles of all possible terms until we get a closed
form of the qq-character in a contour integral form.
Let us describe the computation of the fundamental qq-character in pure U(1) gauge theory (A1
quiver) with Chern-Simons level κ as an example, and then use the above prescription to derive
the spin-1 (3-dim) qq-character of the same theory in a brief manner. Let us consider the following
insertion in the preferred direction of the web diagram,
x−>
Φ(n)[u, v] Φ(n
∗)[u∗, v] (A.6)
10The reason we call it a Ward identity is that it resembles the conformal Ward identity for 2-pt functions in 2d
CFT, and the DIM algebra might indeed be a symmetry of the underlying gauge theory/topological string theory.
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where x−> =
∑
k>0 x
−
k z
−k (see Appendix B for the meaning and how to evaluate this operator). The
trivial identity equating the action of x−> on Φ
(n)[u, v] and the action on Φ(n
∗)[u∗, v] is translated to
z1−κu∗
∑
λ
q|λ|
∏
y∈λ χ
κ
y
Nλλ(1; q1, q2)
∑
x∈R(λ)
1
z − χx
Res
z→χx
Yλ(zq
−1
3 ) = uvγ
∑
λ
q|λ|
∏
y∈λ χ
κ
y
Nλλ(1; q1, q2)
∑
x∈A(λ)
1
z − χx
Res
z→χx
1
Yλ(z)
,
where the gauge coupling q = −uγ
n−n∗−1
u∗
and the Chern-Simons level κ = n∗ − n. We can rewrite
the above equation in the form of contour integral,∑
λ
q|λ|
∏
y∈λ χ
κ
y
Nλλ(1; q1, q2)
∮
Cλ
dx
(
1
z − x
Yλ(xq
−1
3 ) +
qvq3z
κ−1
(z − x)Yλ(x)
)
= 0, (A.7)
where the contour Cλ is around all finite poles in Yλ(xq
−1
3 ) and 1/Yλ(x), i.e. {χx | x ∈ A(λ)∪R(λ)}.
One can then convert the contour integral to be a simple formula that allows us to evaluate the
expectation value of the qq-character as
〈χ1(z)〉 =
∑
λ
q|λ|
∏
y∈λ χ
κ
y
Nλλ(1; q1, q2)
∮
x∼0,∞
dx
(
1
z − x
Yλ(xq
−1
3 ) +
qvq3z
κ−1
(z − x)Yλ(x)
)
, (A.8)
where the expectation value with respect to the instanton partition function ZU(1) =
∑
λ q
|λ|
∏
y∈λ χ
κ
y
Nλλ(1;q1,q2)
is given by
〈· · · 〉 =
∑
λ
q|λ|
∏
y∈λ χ
κ
y
Nλλ(1; q1, q2)
〈v, λ| · · · |v, λ〉 , (A.9)
and one can extract out the operator-valued expression of the qq-character in terms of the Y-
operator as
χ1(z) = Y(zq
−1
3 ) + qvq3z
κ−1Y(z)−1. (A.10)
One can redefine the Y operator, which will be denoted as Y instead (and change the normalization
of the qq-character), to schematically write the above qq-character as
χ¯1(z) = Y (z) + Y (zq
−1
1 q
−1
2 )
−1, (A.11)
where11
Y (z) = z−
1
2
(κ−1)q−
1
2v−
1
2γ
κ−3
2 Y(zq−13 ). (A.12)
The qq-character of the spin-1 representation of the A1 quiver starts with the term Y (z1)Y (z2)
corresponding to the highest weight in the representation. One can complete the contour integral
11The concrete form of this normalized Y -function depends on the Chern-Simons level and matter contents. Its
existence is more important than the concrete expression of it in our computation. Such a normalized Y -function
can also be defined for Yd
Xi
in (4.7) in the same way, and we will not declare its existence before using it directly
again.
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with the contour surrounding all its poles by considering the following two insertions (for simplicity
of notation, we omit the subscript > in x
−
> inserted from now on),
x−(z1)Y(z2q
−1
3 ) (A.13)
and
x−(z2)Y(z1q
−1
3 ) (A.14)
The Ward identity for the first insertion reveals a new term
χ2(z1, z2) ⊃ S(z2/z1)
Y (z2)
Y (z1q
−1
1 q
−1
2 )
, (A.15)
in the qq-character, where we used the blue color in the above equation to show that the residues
for poles in Y (z2) have not been included in the analysis so far. The S-function appears in the
computation when we move x− to the right of the Y-operator. To further complete the contour
integral for this term, we need to consider the insertion of x−(z2)Y
−1(z1) in the preferred direction,
Y−1(z1)x−(z2) (A.16)
which will give rise to a new term,
χ2(z1, z2) ⊃
1
Y (z1q
−1
1 q
−1
2 )Y (z2q
−1
1 q
−1
2 )
. (A.17)
Similarly, the Ward identity with respect to the insertion of x−(z2)Y(z1q
−1
3 ) induces another term
corresponding to the Cartan part
χ2(z1, z2) ⊃ S(z1/z2)
Y (z1)
Y (z2q
−1
1 q
−1
2 )
, (A.18)
and the remaining residues to complete the contour integral are collected from the insertion
Y−1(z2)x−(z1) (A.19)
The Ward identity for the above combination of operators x−(z1)Y−1(z2) covers exactly the remain-
ing residues in the term (A.17) in Y(z1q
−1
1 q
−1
2 )
−1, and thus complete the contour integral for the
whole (normalized) qq-character given by
χ¯2(z1, z2) = Y (z1)Y (z2) + S(z2/z1)
Y (z2)
Y (z1q3)
+ S(z1/z2)
Y (z1)
Y (z2q3)
+
1
Y (z1q3)Y (z2q3)
. (A.20)
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An interesting observation may be made here that S-functions of the form S(z2/z1) will be divergent
in the limit z2 → z1, yet the above qq-character χ¯2(z1, z2) stays finite in the same limit. For example
we have
lim
z→1
(
S(z) + S(z−1)
)
=
1 + q1 + q2 − 6q1q2 + q21q2 + q1q
2
2 + q
2
1q
2
2
(1− q1q2)2
=: c(q1, q2). (A.21)
The full expression of the superficially divergent part in χ¯2(z, z) can be evaluated to
lim
z′→z
(
S(z′/z)
Y (z′)
Y (zq3)
+ S(z/z′)
Y (z)
Y (z′q3)
)
= c(q1, q2)
Y (z)
Y (zq3)
− z
(1 − q1)(1− q2)
1− q1q2
∂z log (Y (z)Y (zq3))
Y (z)
Y (zq3)
, (A.22)
where the derivative term comes from the expansion of Y -functions around z′ = z. Another similar
limit is z2 → z1q
−1
1 q
−1
2 , where the problematic terms reduce to
S(z/z′)
Y (z′q3)
Y (zq3)
+ S(zq−13 /z
′)
Y (z)
Y (z′q23)
, (A.23)
where we used S(zq3) = S(z
−1). The first term in the above appears to be divergent in the limit
z′ → z, but in the contour integral we converted from to obtain the expression of the qq-character
evaluated on the basis |v, λ〉, there is no such a divergence at all (unlike the case in (A.21)). In
contrast, in this limit, the contour integral we completed is over a constant 1, and we do not
need such a term in the qq-character12. Therefore, the qq-charatcer χ¯2(z1, z2) in this special limit
z2 → z1q
−1
1 q
−1
2 is given by
χ¯2(z, zq3) = Y (z)Y (zq3) + S(q
−1
3 )
Y (z)
Y (zq23)
+
1
Y (zq3)Y (zq23)
. (A.24)
The decoupling of the constant term can be interpreted as the subtraction of the singlet 1 =  from
the tensor product 2⊗ 2 = 3⊕ 1, which takes place only when z2/z1 = q3. A similar phenomenon
is observed for q-characters (for example see [63]).
A.1 Consistency check: spinor and adjoint representations of D4
The web diagram for the D4 quiver is given by
13
(A.25)
12More precisely, we can see that
∮
C1
dx 1
z−x
S(z/z′)Y (z
′q3)
Y (xq3)
+
∮
C2
dx 1
z′−x
S(z/z′)Y (xq3)
Y (zq3)
= 0 by using∮
C1+C2
dxY (z
′q3)
Y (zq3)
→
∮
C1+C2
dx 1 = 0 in the limit z′ → z.
13We note that the result will be the same to use the simplified web diagram shown in Figure 7 to derive the
qq-character from the Ward identity approach.
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We label the nodes in the quiver diagram as follows for convenience.
1 2
3
4
(A.26)
The qq-character of the spinor representation starts from the highest-weight term Y3(z), which can
be realized through the insertion
x−(z)
Y−14 (z¯34q
−1
3 )
Y2(z¯32) (A.27)
where we defined a new set of variables z¯ij = zµij to shorten the notation involving bifundamental
masses µij in the calculation. The term we obtain from the other side of the equality in Ward identy
of the above insertion reads
χ(0,0,1,0)(z) ⊃
Y2(zµ32)
Y3(zq
−1
1 q
−1
2 )
. (A.28)
The reason why there is no Y4 in the above expression is that Φ and Φ¯∗ give exactly the same
contribution in this calculation.
In this way, we find the normalized qq-character of the spinor representation to be
χ¯(0,0,1,0)(z) = Y3(z) +
Y2(zµ32)
Y3(zq
−1
1 q
−1
2 )
+
Y1(zµ31)Y4(zµ34)
Y2(zµ32q
−1
1 q
−1
2 )
+
Y4(zµ34)
Y1(zµ31q
−1
1 q
−1
2 )
+
Y1(zµ31)
Y4(zµ34q
−1
1 q
−1
2 )
+
Y2(zµ32q
−1
1 q
−1
2 )
Y1(zµ31q
−1
1 q
−1
2 )Y4(zµ34q
−1
1 q
−1
2 )
+
Y3(zq
−2
1 q
−2
2 )
Y2(zµ32q
−2
1 q
−2
2 )
+
1
Y3(zq
−3
1 q
−3
2 )
, (A.29)
where we used the relation µij = µ
−1
ji q
−1
1 q
−1
2 for adjacent nodes i and j with the i-th node on the left
to the j-th. It is equivalent to the qq-character of the vector representation under the permutation
1 ↔ 3, which is a manifestation of the triality symmetry in D4. We remark that only the Z2
subgroup corresponding to exchanging the 3-rd and 4-th node in the Dynkin diagram of the triality
can be manifestly seen from the web diagram, but the calculation to derive the qq-character is
completely symmetric under the triality.
Now we turn to the derivation of the qq-character of the adjoint representation of D4. It initiates
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from the highest-weight term Y2(z), and the Ward identity approach tells us
χ(0,1,0,0)(z) ⊃ T
+(z) := Y2(z) +
Y1(zµ21)Y3(zµ23)Y4(zµ24)
Y2(zq
−1
1 q
−1
2 )
+
Y3(zµ23)Y4(zµ24)
Y1(zµ21q
−1
1 q
−1
2 )
+
Y1(zµ21)Y4(zµ24)
Y3(zµ23q
−1
1 q
−1
2 )
+
Y1(zµ21)Y3(zµ23)
Y4(zµ24q
−1
1 q
−1
2 )
+
Y2(zq
−1
1 q
−1
2 )Y4(zµ24)
Y1(zµ21q
−1
1 q
−1
2 )Y3(zµ23q
−1
1 q
−1
2 )
+
Y2(zq
−1
1 q
−1
2 )Y3(zµ23)
Y1(zµ21q
−1
1 q
−1
2 )Y4(zµ24q
−1
1 q
−1
2 )
+
Y2(zq
−1
1 q
−1
2 )Y1(zµ21)
Y3(zµ23q
−1
1 q
−1
2 )Y4(zµ24q
−1
1 q
−1
2 )
+
Y1(zµ21)Y1(zµ21q
−1
1 q
−1
2 )
Y2(zq
−2
1 q
−2
2 )
+
Y3(zµ23)Y3(zµ23q
−1
1 q
−1
2 )
Y2(zq
−2
1 q
−2
2 )
+
Y4(zµ24)Y4(zµ24q
−1
1 q
−1
2 )
Y2(zq
−2
1 q
−2
2 )
+
Y2(zq
−1
1 q
−1
2 )
2
Y1(zµ21q
−1
1 q
−1
2 )Y3(zµ23q
−1
1 q
−1
2 )Y4(zµ24q
−1
1 q
−1
2 )
. (A.30)
We will obtain Cartan terms if we go further to consider the Ward identities for the blue terms, and
similar superficial divergences appear here as what we dealt with in (A.22) and (A.24). Substituting
the results we obtained there, we have
χ(0,1,0,0)(z) = T
+(z) + CD4(0,1,0,0)(z) + T
−(z), (A.31)
where
CD4(0,1,0,0)(z) = S(q1q2)
Y1(zµ21)
Y1(zµ21q
−2
1 q
−2
2 )
+ S(q1q2)
Y3(zµ23)
Y3(zµ23q
−2
1 q
−2
2 )
+ S(q1q2)
Y4(zµ24)
Y4(zµ24q
−2
1 q
−2
2 )
+
(
c(q1, q2)− z
(1 − q1)(1− q2)
1− q1q2
∂z log
(
Y2(zq
−1
1 q
−1
2 )Y (zq
−2
1 q
−2
2 )
Y1(zµ21q
−1
1 q
−1
2 )Y3(zµ23q
−1
1 q
−1
2 )Y4(zµ24q
−1
1 q
−1
2 )
))
Y2(zq
−1
1 q
−1
2 )
Y2(zq
−2
1 q
−2
2 )
,
(A.32)
and
T−(z) =
Y1(zµ21q
−1
1 q
−1
2 )Y3(zµ23q
−1
1 q
−1
2 )Y4(zµ24q
−1
1 q
−1
2 )
Y2(zq
−2
1 q
−2
2 )
2
+
Y2(zq
−1
1 q
−1
2 )
Y1(zµ21q
−1
1 q
−1
2 )Y1(zµ21q
−2
1 q
−2
2 )
+
Y2(zq
−1
1 q
−1
2 )
Y3(zµ23q
−1
1 q
−1
2 )Y3(zµ23q
−2
1 q
−2
2 )
+
Y2(zq
−1
1 q
−1
2 )
Y4(zµ24q
−1
1 q
−1
2 )Y4(zµ24q
−2
1 q
−2
2 )
+
Y3(zµ23q
−1
1 q
−1
2 )Y4(zµ24q
−1
1 q
−1
2 )
Y2(zq
−2
1 q
−2
2 )Y1(zµ21q
−2
1 q
−2
2 )
+
Y1(zµ21q
−1
1 q
−1
2 )Y4(zµ24q
−1
1 q
−1
2 )
Y2(zq
−2
1 q
−2
2 )Y3(zµ23q
−2
1 q
−2
2 )
+
Y1(zµ21q
−1
1 q
−1
2 )Y3(zµ23q
−1
1 q
−1
2 )
Y2(zq
−2
1 q
−2
2 )Y4(zµ24q
−2
1 q
−2
2 )
+
Y1(zµ21q
−1
1 q
−1
2 )
Y3(zµ23q
−2
1 q
−2
2 )Y4(zµ24q
−2
1 q
−2
2 )
+
Y1(zµ21q
−1
1 q
−1
2 )
Y4(zµ24q
−2
1 q
−2
2 )Y3(zµ23q
−2
1 q
−2
2 )
+
Y3(zµ23q
−1
1 q
−1
2 )
Y4(zµ24q
−2
1 q
−2
2 )Y1(zµ21q
−2
1 q
−2
2 )
+
Y2(zq
−2
1 q
−2
2 )
Y1(zµ21q
−2
1 q
−2
2 )Y3(zµ23q
−2
1 q
−2
2 )Y4(zµ24q
−2
1 q
−2
2 )
+
1
Y2(zq
−3
1 q
−3
2 )
. (A.33)
It agrees with the known result presented in [64], including the highly non-trivial Cartan part.
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A.2 Consistency check: fundamental representations of non-simply-
laced quivers
Let us check the computation of qq-characters in BC2 quiver from the Ward identity of DIM algebra
to conclude this section.
We start from the insertion of x−(z) in the 1-st node with d1 = 1,
x−(z)
(A.34)
This gives rise to the contribution
χBC2(1,0) ⊃ Y
(1)(z) +
Y (2)(zµe)
Y (1)(zq−11 q
−1
2 )
, (A.35)
the term in blue is which we have not picked up its residue over its poles. To compensate this
calculation, we insert
x−(zµe)
Y
(1)
zq−21 q
−1
2
(A.36)
where the insertion of Y (1)(zq−21 q
−1
2 ) is needed to convert Y
(d2)
X1
(zq−11 q
−1
2 ) to Y
(d1)
X1
(zq−11 q
−1
2 ). This
leads to a new term needed to be compensated from another insertion,
χBC2(1,0) ⊃
Y (2)(zµe)
Y (1)(zq−11 q
−1
2 )
+
Y (1)(zq−21 q
−1
2 )
Y (2)(zµeq
−2
1 q
−1
2 )
. (A.37)
The last insertion
x−(zq−21 q
−1
2 )
Y
(2) −1
zµeq
−2
1 q
−1
2
(A.38)
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completes the calculation, and we arrive at
χBC2(1,0) = Y
(1)(z) +
Y (2)(zµe)
Y (1)(zq−11 q
−1
2 )
+
Y (1)(zq−21 q
−1
2 )
Y (2)(zµeq
−2
1 q
−1
2 )
+
1
Y (1)(zq−31 q
−2
2 )
. (A.39)
Similarly, starting from
x−(z)
Y
(1)
zµ
−1
e q
−1
1
q
−1
2
Y
(1)
zµ
−1
e q
−2
1 q
−1
2
(A.40)
we obtain the qq-character
χBC2(0,1) = Y
(2)(z) +
Y (1)(zµ−1e q
−1
1 q
−1
2 )Y
(1)(zµ−1e q
−2
1 q
−1
2 )
Y (2)(zq−21 q
−1
2 )
+ S(q1)
Y (1)(zµ−1e q
−1
1 q
−1
2 )
Y (1)(zµ−1e q
−3
1 q
−2
2 )
+
Y (2)(zq−11 q
−1
2 )
Y (1)(zµ−1e q
−2
1 q
−2
2 )Y
(1)(zµ−1e q
−3
1 q
−2
2 )
+
1
Y (2)(zq−31 q
−2
2 )
, (A.41)
where we used,
S(q1)
S(q−21 q
−1
2 )
= 1, (A.42)
and S(q−11 ) = S(q
−1
2 ) = 0.
Let us study the second example, G2, whose web construction is given by
Φ
(d2)
X2
d2 = 3
d1 = 1
Φ
∗(d2)
X1
(A.43)
We examine the fundamental qq-characters of it. The only equation changes from the calculation
for BC2 is
Y
(d2)
X1
(z) = Yλ(1)(z)Yλ(1)(q
−1
1 z)Yλ(1)(q
−2
1 z). (A.44)
The result is
χG2(1,0) = Y
(1)(z) +
Y (2)(zµe)
Y (1)(zq−11 q
−1
2 )
+
Y (1)(zq−21 q
−1
2 )Y
(1)(zq−31 q
−1
2 )
Y (2)(zµeq
−3
1 q
−1
2 )
+ S(q1)
Y (1)(zq−21 q
−1
2 )
Y (1)(zq−41 q
−2
2 )
+
Y (2)(zµeq
−2
1 q
−1
2 )
Y (1)(zq−31 q
−2
2 )Y
(1)(zq−41 q
−2
2 )
+
Y (1)(zq−51 q
−2
2 )
Y (2)(zµeq
−5
1 q
−2
2 )
+
1
Y (1)(zq−61 q
−3
2 )
, (A.45)
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and
χG2(0,1) = Y
(2)(z) +
Y (1)(zµ−1e q
−1
1 q
−1
2 )Y
(1)(zµ−1e q
−2
1 q
−1
2 )Y
(1)(zµ−1e q
−3
1 q
−1
2 )
Y (2)(zq−31 q
−1
2 )
+S(q1)S(q
2
1)
Y (1)(zµ−1e q
−1
1 q
−1
2 )Y
(1)(zµ−1e q
−2
1 q
−1
2 )
Y (1)(zµ−1e q
−4
1 q
−2
2 )
+S(q1)S(q
2
1)
Y (1)(zµ−1e q
−1
1 q
−1
2 )Y
(2)(zq−21 q
−1
2 )
Y (1)(zµ−1e q
−3
1 q
−2
2 )Y
(1)(zµ−1e q
−4
1 q
−2
2 )
+
Y (2)(zq−11 q
−1
2 )Y
(2)(zq−21 q
−1
2 )
Y (1)(zµ−1e q
−2
1 q
−2
2 )Y
(1)(zµ−1e q
−3
1 q
−2
2 )Y
(1)(zµ−1e q
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−1
1 q
−1
2 )Y
(1)(zµ−1e q
−5
1 q
−2
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Y (2)(zq−51 q
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2 )
+S3(q
−1
1 )
Y (2)(zq−21 q
−1
2 )
Y (2)(zq−41 q
−2
2 )
+ S3(q1)
Y (1)(zµ−1e q
−5
1 q
−2
2 )Y
(2)(zq−11 q
−1
2 )
Y (1)(zµ−1e q
−2
1 q
−2
2 )Y
(2)(zq−51 q
−2
2 )
+S(q1)S(q
2
1)S(q
4
1q
1
2)
Y (1)(zµ−1e q
−1
1 q
−1
2 )
Y (1)(zµ−1e q
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1 q
−3
2 )
+
Y (1)(zq−31 q
−2
2 )Y
(1)(zq−41 q
−2
2 )Y
(1)(zq−51 q
−2
2 )
Y (2)(zq−41 q
−2
2 )Y
(2)(zq−51 q
−2
2 )
+S(q1)S(q
2
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Y (2)(zq−11 q
−1
2 )
Y (1)(zµ−1e q
−2
1 q
−2
2 )Y
(1)(zµ−1e q
−6
1 q
−3
2 )
+S(q1)S(q
2
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Y (1)(zµ−1e q
−3
1 q
−2
2 )Y
(1)(zµ−1e q
−4
1 q
−2
2 )
Y (1)(zµ−1e q
−6
1 q
−3
2 )Y
(2)(zq−41 q
−2
2 )
+S(q1)S(q
2
1)
Y (1)(zµ−1e q
−3
1 q
−2
2 )
Y (1)(zµ−1e q
−5
1 q
−3
2 )Y
(1)(zµ−1e q
−6
1 q
−3
2 )
+
Y (2)(zq−31 q
−2
2 )
Y (1)(zµ−1e q
−4
1 q
−3
2 )Y
(1)(zµ−1e q
−5
1 q
−3
2 )Y
(1)(zµ−1e q
−6
1 q
−3
2 )
+
1
Y (2)(zq−61 q
−3
2 )
. (A.46)
The above results agree with the expressions for generators in WG2 obtained in [65] (up to some
apparent typos).
We list several examples of the qq-characters for non-simply-laced quivers to conclude this
section, where we always label the gauge nodes from left to right in the construction described in
section 5.
χB3(1,0,0) = Y
(1)(z) +
Y (2)(zµ12)
Y (1)(zq−11 q
−1
2 )
+
Y (1)(zq−21 q
−1
2 )Y
(3)(zµ13)
Y (2)(zµ12q
−2
1 q
−1
2 )
+
Y (3)(zµ13)
Y (1)(zq−31 q
−2
2 )
+
Y (1)(zq−21 q
−1
2 )
Y (3)(zµ13q
−2
1 q
−1
2 )
+
Y (2)(zµ12q
−2
1 q
−1
2 )
Y (1)(zq−31 q
−2
2 )Y
(3)(zµ13q
−2
1 q
−1
2 )
+
Y (1)(zq−41 q
−2
2 )
Y (2)(zµ12q
−4
1 q
−2
2 )
+
1
Y (1)(zq−51 q
−3
2 )
. (A.47)
χC3(1,0,0) = Y
(1)(z) +
Y (2)(zµ12)
Y (1)(zq−11 q
−1
2 )
+
Y (3)(zµ13)
Y (2)(zµ12q
−1
1 q
−1
2 )
+
Y (2)(zµ12q
−2
1 q
−1
2 )
Y (3)(zµ13q
−2
1 q
−1
2 )
+
Y (1)(zq−31 q
−2
2 )
Y (2)(zµ12q
−3
1 q
−2
2 )
+
1
Y (1)(zq−41 q
−4
2 )
. (A.48)
49
B Representations of DIM algebra
The representations of the DIM algebra, as remarked in the beginning of this article, is labeled by
two numbers, p and q, which is induced from the following map of the central charges in DIM,
(p, q) : (ψ+0 /ψ
−
0 , γˆ) 7→ (γ
−2p, γq). (B.1)
In the correspondence with (p, q) 5-branes, we set both of them to be integers, but generally we do
not have to require so. To begin with, let us first write down the definition of the DIM algebra,
[ψ±(z), ψ±(w)] = 0, (B.2)
ψ+(z)ψ−(w) =
g (γˆz/w)
g (γˆ−1z/w)
ψ−(w)ψ+(z) (B.3)
ψ±(z) x+(w) = g
(
γˆ±
1
2z/w
)
x+(w)ψ±(z) (B.4)
ψ±(z) x−(w) = g
(
γˆ∓
1
2z/w
)−1
x−(w)ψ±(z) (B.5)
x±(z) x±(w) = g (z/w)±1 x±(w) x±(z) (B.6)[
x+(z), x−(w)
]
=
(1− q1)(1− q2)
(1− q−13 )
(
δ (γˆw/z) ψ+
(
γˆ
1
2w
)
− δ
(
γˆ−1w/z
)
ψ−
(
γˆ−
1
2w
))
,
(B.7)
where the structure constant g(z) is given by
g(z) =
(1− q1z)(1 − q2z)(1 − q3z)
(1− q−11 z)(1 − q
−1
2 z)(1 − q
−1
3 z)
=
S(z)
S(z−1)
, (B.8)
and in terms of mode expansion, x±(z) contains both positive and negative modes, while ψ±(z)
only includes positive/negative modes,
x±(z) =
∑
k∈Z
x±k z
−k, ψ±(z) =
∑
k∈Z≥0
ψ±±kz
∓k. (B.9)
The representation corresponding to (p, q) = (n, 1) is given by the following map to vertex operators,
x+(z) 7→ uγnz−nη(z), x−(z) 7→ u−1γ−nznξ(z), ψ±(z) 7→ γ∓nϕ±(z), γˆ 7→ γ, (B.10)
where
ϕ+(z) = : η(zγ1/2)ξ(zγ−1/2) :, ϕ−(z) = : η(zγ−1/2)ξ(zγ1/2) :, (B.11)
and this class of representations give us the representation spaces to use in the unpreferred directions
(even beyond the usual topological vertex formalism).
50
(p, q) = (1, 0) representation is a special one we use for the preferred direction. The explicit
expression reads
x+(z) |v, λ〉 = b
∑
x∈A(λ)
δ(z/χx) Res
z→χx
1
zYλ(z)
|v, λ+ x〉 , (B.12)
x−(z) |v, λ〉 = γ−1b−1
∑
x∈R(λ)
δ(z/χx) Res
z→χx
z−1Yλ(zq
−1
3 ) |v, λ− x〉 , (B.13)
ψ±(z) |v, λ〉 = γ−1Ψλ(z) |v, λ〉 , (B.14)
where ψ±(z) are respectively expansions with respect to z∓ of their matrix elements, and
Ψλ(z) =
Yλ(zq
−1
3 )
Yλ(z)
. (B.15)
This representation preserves the inner product 〈v, µ |v, λ〉 = aλδµ,λ with respect to the dual repre-
sentation acting on bra states as
〈v, λ|ψ±(z) = γ−1Ψλ(z) 〈v, λ| , (B.16)
〈v, λ|x+(z) = −bγ−1
∑
x∈R(λ)
〈v, λ− x| δ(z/χx) Res
z→χx
Yλ(zq
−1
3 ), (B.17)
〈v, λ|x−(z) = −b−1
∑
x∈A(λ)
〈v, λ+ x| δ(z/χx) Res
z→χx
1
zYλ(z)
. (B.18)
C Contraction rules
We list here all the constraction rules that are necessary in the computations for partition functions
and AFS properties in this article:
η(z)Φλ[u, v] =
1
Yλ(z)
: η(z)Φλ[u, v] :, (C.1)
Φλ[u, v]η(z) = −
vq3
z
1
Yλ(zq
−1
3 )
: Φλ[u, v]η(z) :, (C.2)
ξ(z)Φλ[u, v] = Yλ(γ
−1z) : ξ(z)Φλ[u, v] :, (C.3)
Φλ[u, v]ξ(z) = −γ
−1 z
v
Yλ(zγ
−1) : Φλ[u, v]ξ(z) :, (C.4)
ϕ−(z)Φλ[u, v] = : ϕ
−(z)Φλ[u, v] :, (C.5)
Φλ[u, v]ϕ
−(z) = γ2
Yλ(zγ−1/2)
Yλ(zγ−1/2q
−1
3 )
: Φλ[u, v]ϕ
−(z) :, (C.6)
ϕ+(z)Φλ[u, v] =
Yλ(zγ1/2q
−1
3 )
Yλ(zγ1/2)
: ϕ+(z)Φλ[u, v] :, (C.7)
Φλ[u, v]ϕ
+(z) = : Φλ[u, v]ϕ
+(z) :, (C.8)
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η(z)Φ∗λ[u, v] = Yλ(zγ
−1) : η(z)Φ∗λ[u, v] :, (C.9)
Φ∗λ[u, v]η(z) = −γ
−1z/vYλ(zγ
−1) : Φ∗λ[u, v]η(z) :, (C.10)
ξ(z)Φ∗λ[u, v] =
1
Yλ(zq
−1
3 )
: ξ(z)Φ∗λ[u, v] :, (C.11)
Φ∗λ[u, v]ξ(z) = −
v
z
1
Yλ(z)
: Φ∗λ[u, v]ξ(z) :, (C.12)
ϕ−(z)Φ∗λ[u, v] = : ϕ
−(z)Φ∗λ[u, v] :, (C.13)
Φ∗λ[u, v]ϕ
−(z) = γ−2
Yλ(zγ−3/2)
Yλ(zγ1/2)
: Φ∗λ[u, v]ϕ
−(z) :, (C.14)
ϕ+(z)Φ∗λ[u, v] =
Yλ(zγ−1/2)
Yλ(zγ−5/2)
: ϕ+(z)Φ∗λ[u, v] :, (C.15)
Φ∗λ[u, v]ϕ
+(z) = : Φ∗λ[u, v]ϕ
+(z) : . (C.16)
η(z)Φ¯∗λ[u, v] =
1
Yλ(zγ)
: η(z)Φ¯∗λ[u, v] :, (C.17)
Φ¯∗λ[u, v]η(z) = −
v
zγ
1
Yλ(zγ)
: η(z)Φ¯∗λ[u, v] :, (C.18)
ξ(z)Φ¯∗λ[u, v] = Yλ(z) : ξ(z)Φ¯
∗
λ[u, v] :, (C.19)
Φ¯∗λ[u, v]ξ(z) = −
zq3
v
Yλ(zq3) : ξ(z)Φ¯
∗
λ[u, v] :, (C.20)
ϕ−(z)Φ¯∗λ[u, v] = : ϕ
−(z)Φ¯∗λ[u, v] :, (C.21)
Φ¯∗λ[u, v]ϕ
−(z) = γ2
Yλ(zγ
5/2)
Yλ(zγ1/2)
: Φ¯∗λ[u, v]ϕ
−(z) :, (C.22)
ϕ+(z)Φ¯∗λ[u, v] =
Yλ(zγ−1/2)
Yλ(zγ3/2)
: ϕ+(z)Φ¯∗λ[u, v] :, (C.23)
Φ¯∗λ[u, v]ϕ
+(z) = : Φ¯∗λ[u, v]ϕ
+(z) : . (C.24)
η(z)Φ¯λ[u, v] = Yλ(zq3) : η(z)Φ¯λ[u, v] :, (C.25)
Φ¯λ[u, v]η(z) = −
z
v
Yλ(z) : Φ¯λ[u, v]η(z) :, (C.26)
ξ(z)Φ¯λ[u, v] =
1
Yλ(zγ)
: ξ(z)Φ¯λ[u, v] :, (C.27)
Φ¯λ[u, v]ξ(z) = −
v
zγ
1
Yλ(zγ)
: ξ(z)Φ¯λ[u, v] :, (C.28)
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ϕ−(z)Φ¯λ[u, v] = : ϕ
−(z)Φ¯λ[u, v] :, (C.29)
Φ¯λ[u, v]ϕ
−(z) = γ−2
Yλ(zγ−1/2)
Yλ(zγ3/2)
: Φ¯λ[u, v]ϕ
−(z) :, (C.30)
ϕ+(z)Φ¯λ[u, v] =
Yλ(zγ5/2)
Yλ(zγ1/2)
: ϕ+(z)Φ¯λ[u, v] :, (C.31)
Φ¯λ[u, v]ϕ
+(z) = : Φ¯λ[u, v]ϕ
+(z) : . (C.32)
η(di)(z)Φ˜
∗(di)
Xj
= Y
(dj)
Xj
(zγi/γ
2
j ) : η
(di)(z)Φ˜
∗(di)
Xj
:, (C.33)
Φ˜
∗(di)
Xj
η(di)(z) =
di/dj−1∏
k=0
−q
−kdj
1 γ
−1
i z/vj
Y (di)Xj (zγ−1i ) : η(di)(z)Φ˜∗(di)Xj :, (C.34)
ξ(di)(z)Φ˜
∗(di)
Xj
=
1
Y
(dj )
Xj
(zγ−2j )
: ξ(di)(z)Φ˜
∗(di)
Xj
:, (C.35)
Φ˜
∗(di)
Xj
ξ(di)(z) =
di/dj−1∏
k=0
−q
−kdj
1 z/vj
−1 1
Y
(di)
Xj
(z)
: ξ(di)(z)Φ˜
∗(di)
Xj
: . (C.36)
D Converting formulae for trivalent vertex
When trivalent vertices are involved in the web construction, we need to know how to convert an
element x±(z) acting from the left-hand side to them to the action from the right-hand side.
The first class of operators we want to consider are |Ω(n), ~α〉〉 :=
∑
λ aλ(v) |v, λ〉 ⊗ |vα1, λ〉 ⊗
|vα2, λ〉⊗ . . . |vαn, λ〉, which can be constructed from trivalent vertices plus one reflection operator.
When n = 1, |Ω(n), ~α〉〉 coincides with the reflection operator |Ω, α〉〉. The converting formula it can
be derived as
(x+(z)⊗ 1)
∑
λ
aλ(v) |v, λ〉 ⊗ |vα, λ〉 =
∑
λ
∑
x∈A(λ)
δ(z/χx)aλ(v) Res
z→χx
1
zY (1)λ (z)
|v, λ+ x〉 ⊗ |vα, λ〉
=
∑
λ
∑
x∈R(λ)
δ(z/χx)
aλ−x(v)
aλ(v)
aλ(v) Res
z→χx
1
zY (1)λ−x(z)
|v, λ〉 ⊗ |vα, λ− x〉
=
∑
λ
∑
x∈R(λ)
δ(z/χx)γ
−1aλ(v) Res
z→χx
z−1Y (1)λ (zq
−1
3 ) |v, λ〉 ⊗ |vα, λ− x〉
=
∑
λ
∑
x∈R(λ)
δ(zα/χxα)γ
−1aλ(v) Res
z→χxα
z−1Y (2)λ (zq
−1
3 ) |v, λ〉 ⊗ |vα, λ− x〉
= (1⊗ x−(zα))
∑
λ
aλ(v) |v, λ〉 ⊗ |vα, λ〉 ,
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where we used
Res
z→χx
Yλ(z)
Yλ−x(z)
= χx
(1− q1)(1− q2)
(1− q−13 )
. (D.1)
That is to say,
(x+(z)⊗ 1) |Ω, α〉〉 = −(1⊗ x−(zα)) |Ω, α〉〉. (D.2)
Note that whenever a trivalent vertex or its generalization appears in the web construction, all
its legs are contracted with some vertex operators labeled respectively by a Young diagram. Let us
consider the case that all the legs of |Ω(n),Φ(ni), ~α〉〉 are attached to the vertices Φ, and we define
|Ω(n),Φ(ni), ~α〉〉 :=
∑
λ
aλ(v) |v, λ〉 ⊗ |vα1, λ〉 ⊗
n⊗
i=2
Φ
(ni)
λ [ui, vαi]. (D.3)
The converting formula for it is given by
(x+(z)⊗ 1) |Ω(n),Φ(ni), ~α〉〉 = −
(
n∏
i=2
−(uivαi)
−1(zαi/γ)
ni+1
)
(1⊗ x−(zα1)) |Ω
(n), : Φ(ni)η(zαi)
−1 :, ~α〉〉.
(D.4)
Another class of operators we need as the generalization of trivalent vertex take the form
I(n)(~α) :=
∑
λ aλ(v) |v, λ〉 ⊗ 〈vα1, λ| ⊗ 〈vα2, λ| ⊗ . . . 〈vαn, λ|. For n = 1, this operator is merely a
twisted identity operator, i.e. I(1)(1) = 1, and we have in general
x+(z)I(1)(α) = I(1)(α)x+(zα). (D.5)
To generalize this identity, we similarly define
I(n)(Φ∗(ni), ~α) :=
∑
λ
aλ(v) |v, λ〉 ⊗ 〈vα1, λ| ⊗
n⊗
i=2
Φ∗(ni)[ui, vαi], (D.6)
and its converting formula reads
(x+(z)⊗ 1)I(n)(Φ∗(ni), ~α) =
(
n∏
i=2
uiγ
1+ni(zαi)
−ni
)
I(n)(: Φ∗(ni)ξ(zαi)
−1 :, ~α)(1⊗ x+(zα1)). (D.7)
E AFS property with respect to x−
As we only listed the AFS properties associated to x+(z) acting from the unpreferred direction, we
list here those associated to x−(z).
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For Φ¯∗, we have
x−(z)
q−13 x
−(z)
ψ+(zq3) −x+(zq3)
γˆ−p : ξ(z)ξ¯(zq3) :
(E.1)
For Φ¯, we have
q−13 x
−(z)
x−(z)
γ−1x+(zγ)
ξ(z)η¯−1(zγ)
(E.2)
At last, for the half-blood vertex, we write down
:
∏di/dj−1
k=0 x
−(zq
−kdj
1 γ
2
j /γ
2
i ) :
ψ−(z)di/dj
∑di/dj−1
l=0 x
−(zq
−ldj
1 γi)
: σ˜
+(di)
j (zq
−ldj
1 γ
1/2
i )
∏di/dj−1
k=0
k 6=l
x−(zq
−kdj
1 γ
2
j /γ
2
i ) :
x−(z)
(E.3)
where
σ˜
+(di)
j = : ξ
(di)(z)ξ˜
(di)
j (z)
−1 : . (E.4)
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